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PREFACE.

With the development of such methods of studying the arrangement of
the atoms in crystals as are furnished by the phenomena of the diffraction
of X-rays, the geometrical theory of space groups becomes of the utmost
importance. Until recently the work published upon this theory has been
directed primarily toward the preparation of a statement of all the different
kinds of symmetry (groupings of elements of symmetry) which are crystal-
lographically possible.

This statement, to be complete, must necessarily give all of the possible
ways of arranging points in space which, by their arrangement, will express
crystallographic symmetry. In its most general form such an analytical
expression of the results of this theory was given by Schoenflies.* Before
it is applicable to the study of the structures of orystals, however, modifica-

"tions in this original representation are necessary. First, there must be
selected such a portion of the grouping that in its calculated effects upon
X-rays it can be taken as typical of the entire arrangement. It is thus
necessary to state a space group in terms of the equivalent positions which
lie within & unit cell rather than by giving, as Schoenflies does, the equiva-
lent positions about one point of the lattice underlying the grouping. This
rather obvious modification has of course been made by those who have
used the space groups as a guide in studying crystals. The second modifi-
cation, or rather amplification, is not so readily made. The X-ray experi-
ments which have already been carried out show that the number of particles
(atoms) contained in the unit cell is commonly smaller than the number of
most generally placed equivalent points of the space group having the sym-
metry of the crystal. The special arrangements of the equivalent points
(upon axes, planes, and other elements of symmetry), whereby the number
of most generally placed equivalent positions is reduced, are thus of great
importance and it becomes essential to be able to state all of them in any
particular case. Nigglit has already given the‘simpler of these special cases.
For some time the writer has been engaged in working out all of them and
the following tables are an expression of the results of these computations.

It was the original intention simply to state these results and to outline
the method whereby they were obtained. The writer is firmly convinced,
however, that sure and definite progress in this relatively new field of crystal
structure can be realized only by making the fullest possible use of the added
information which the theory of space-groups furnishes; and since any dis-
cussion of this theory is almost completely absent from work published in
English, it has seemed worth while to add a brief introduction in order to
give such details of the space groups and of their development as seem to
furnish sufficient background for the appreciation of the importance of the
theory in this new field of physical science.

* Krystallsysteme und Krystallstructur (Leipsig, 1891).
t Geometrische Krystallographie des Discontinuums (Leipsig, 1919).
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v PREFACE.

At present a knowledge of the method of derivation is not required by
the crystal analyst or by the person primarily interested in using the results
of such X-ray studies. Those interested in the theory as a geometrical
problem will of course find the development thoroughly given by Schoenflies.
In the only publication available to English readers Hilton* has summarized,
in excellent form, the work of Schoenflies, introducing at the same time some
of the methods of representation employed by Federov. A thorough under-
standing of the manner of developing the theory, however, is best attained
from a study of the original work of Schoenflies. The discussion in the pres-
ent book is intended for those who wish only to get a sufficient idea of the
‘nature of the results of the theory of space-groups so that these results
can be intelligently used.

For the substance of this discussion the writer’s obligation to Schoenflies
is obvious; the work of Hilton has also been used with entire freedom. In
the book to which reference has already been made Niggli has given the
positions within the unit cell (of each space-group) of all of its elements of
symmetry. This information, while of no aid in the actual determination
of the structures of crystals, may prove useful in the attempt to derive from
these structures additional information, such as that bearing upon the internal
symmetries of their constituent atoms. In comparing the partial analytical
expression given by Niggli with his results based directly upon those of
Schoenflies, the writer found that particularly in the case of the tetragonal
space-groups there were many differences, owing chiefly to the choice of
different points as the origin of coordinates. Because of the possible
usefulness of the additional data relating to the positions of elements of
symmetry that are furnished by Niggli, it has seemed desirable, in spite of
some loss of logicality, to recalculate these groups so that they would accord
with those already published. Similar differences exist in orthorhombic and
monoclinic groups; the changes necessary to reconcile the two descriptions
are in these cases sufficiently obvious, however, that it has seemed worth
while only to indicate in some more or less illustrative instances the nature
of the translations necessary to bring about a general coincidence.

The writer wishes to express his gratitude to Dr. 8. Nishikawa for the
advice and criticism given him when in 1917 he began to familiarize himself
with the theory of space-groups.

GEOPHYSBICAL LABORATORY,
March, 1921.

* Mathematical Crystallography (Oxford, 1903).
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CHAPTER L
HISTORICAL INTRODUCTION.*

The investigation of the structure of crystals involves the study both of
the substance from which the crystals are made and of the way in which this
material is arranged in space. Until very recently, practically all of the
information bearing upon the first of these points has arisen from the realiza-
tion of the probable physical reality of the chemical atom. How these
atoms are associated together in crystals and whether the chemical mole-
cule, or some other aggregate of atoms, has the significance in solids which
it possesses in gases and liquids are questions which have been answered
only by conjecture and inference. The development in the other direction,
however, presenting a problem which in its most general statement is inde-
pendent of current hypotheses concerning the nature of the material from
which crystals are built, has been capable on the other hand of a far-reaching
and apparently satisfactory growth.

In the days when an atomic structure of matter was a crude working
hypothesis without any basis in experimentally determined fact, we find
Robert Hooket reproducing the forms of alum by properly piling up “a
company of bullets and some few other very simple bodies,” very much as
we represent the structure of a crystal on the basis of X-ray measurements.

It was the phenomenon of regular cleavage, however, that supplied the
evidence upon which early hypotheses of the regular arrangement of the
material of crystals were based. For instance, Westfeld} considered calcite
as built up of tiny rhombohedrons; and Bergman,§ basing his beliefs partly
on the observation of Gahn that a skalenohedron of calcite yields a rhombo-
hedron on cleaving, developed what might be called the first geometrical
theory of crystal structure. For just as the crystals of calcite could be
considered as an aggregate of minute rhombohedrons placed parallel to one
another, so garnet or pyrite or other crystals can be developed similarly from
certain fundamental forms. These ideas seem to be essentially the same
as those held by Hauy.Y He, also, considered cleavage as the guiding
factor. The cleavage units, his molecules infegrantes, were either tetrahedra,
triangular prisms, or parallelopipeda, and he showed how crystals with vari-
ously developed faces could be represented by the aggregation of these units.
These ideas of Hauy were built around the law of rational indices, though
they were fundamentally independent of it. Many objections to the details
of the hypothesis of Hauy arose, as indeed they must arise against any theory
based primarily upon cleavage. Not only does the existence of the many

* Most of the materia! for this introduction is given by L. Sohncke, Entwickelung einer
Theorie der Krystallstruktur (Leipsig, 1879). It is given in English and brought up to date in a
report of the Brit. Assoc. 297-337. 1001.

1 Micrographia (London, 1665), p. 85.

Mineralogische Abhandlungen, Stick I. 1767.
Nov. Acta. Reg. Soc. Se. Upsal. 1773, i; Opusc. (Upsala) 1780, ii.

q Essai de Cristallographie (Paris) 1772; eto.
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2 HISTORICAL INTRODUCTION.

crystals which show no cleavage necessitate many supplementary hypotheses,
but the observed cleavage of such substances as fluorite (with octahedral
cleavage) is not readily accounted for by any kind of close-fitting units.

Simultaneously with the extension of the belief in the atomic nature of
substances, and perhaps because of this belief, emphasis came to be shifted
from the shape of the crystal units to the relative positions of their centers
of gravity as centers of some sort of crystal molecules. Thus there evolved
from these different speculations the basis for a suitable geometrical study
in the definite conception of a crystal as composed of units of undefined shape
repeated in some regular fashion throughout space.

In such a regular pattern for repeating the crystal unit we have a space
lattice. All of the symmetrical networks of points which can have crystallo-
graphic symmetry were found geometrically by Frankenheim.* Some years
later this was done more accurately and rigidly by Bravais.f As a result of
his work, Bravais looked upon a crystal as built up by placing units of a
suitable symmetry all in the same orientation at the points of one of these
symmetrical networks. Thus the unit of a cubic crystal might have cubic
or even tetrahedral symmetry, but it could not, for instance, have monoclinic
or hexagonal symmetry. As a matter of fact, Bravais thought of his units
as groups of atoms forming some sort of a crystal molecule, though such a
view i8 not a necessary part of the geometrical development. In this theory
of Bravais, in which a crystal is composed of aggregates of atoms repeated
regularly and indefinitely through space, is to be found the beginning of an
adequate treatment of the possible groupings of matter in crystalline bodies.
The objections to Bravais’ theory, however, are many and obvious. In the
first place, all of the space lattices have the complete symmetry of some one
of the crystal systems, so that, in order to account for the lower degrees of
symmetry, it was necessary for him to ascribe the degradation in such cases
to the shape of the crystal units, or molecues, without at the same time
being able satisfactorily to treat these units. Again this theory implies a
distinct restriction, and one which had not been proved necessary, that all
of the crystal molecules must have the same orientation throughout the
crystal.

In the course of a general study of the theory of groups of movements
Jordani gave a perfectly general method for defining all of the possible ways
of regularly repeating an identical grouping of points indefinitely throughout
space. By combining this treatment of Jordan with the principle (laid
down by Wiener) that regularity in the arrangement of indentical atoms is
attained when “every atom has the other atoms arranged about itin the
same fashion,” Sohncke§ eventually deduced all of the typical ways of regu-
larly repeating identical groupings of atoms throughout space so that the

* Die Lehre von der Cohision (Breslau, 1835).

t Journ. de I'Ecole Polytech. (Paris) XIX, 127. 1850; XX, 102. 1851.
Annali di matematica pura ed applicata (2) 2, 167, 215, 322. 1869.
L. Sohncke, op. cit.



HISTORICAL INTRODUCTION. 3

total assemblage will possess erystallographic symmetry.* This method of
treatment in attacking the problem of the arrangement of the points within
what was the crystal unit or molecule of Bravais brings the problem towards
its final solution.

None of the systems of Sohncke can be made to account in an entirely
satisfactory manner for the enantiomorphic (mirror-image) characteristics of
many crystals. Schoenfliesf was led to consider that every point of an
assemblage must have all of the other points ranged about it in a “like fash-
ion,” where “likeness” may refer either to an identical arrangement or to
a mirror-image similarity. Starting from this basis, he obtained the 230
space groups which represent all of the possible typical ways of arranging
(symmetry-less) points in space so that the grouping will possess the sym-
metry of one of the thirty-two crystal classes. The same derivation of the
space groups was accomplished independently by Federov} and by Barlow,
but at present the work of Schoenflies is the most useful because it is pre-
sented in a form that is of immediate application. With the aid of this
final theory of space groups the different degrees of symmetry exhibited by
crystals can at last be traced back definitely and precisely to the arrangement
of the atoms in the crystals (without postulating any characteristics of sym-
metry for them).

Besides indicating the elements of symmetry which are characteristic of
each of the 230 typical ways of arranging points in space, Schoenflies gives,
in general terms, the coordinates of the points in each of these groupings
which are equivalent to one another.

The discovery of the diffraction of X-rays and the consequent develop-
ment of the physical methods for studying the structure of crystals have made
this analytical expression of the results of the theory of space groups of the
utmost importance. It is the purpose of the present work to give these
results a detailed expression, thereby putting them into a form in which they
will be immediately useful as an aid to the study of the arrangement of the
atoms in crystals. X-ray experimentation thus far carried out shows that
the special cases which result when equivalent points (the atoms in crystals)
lie in some element or elements of symmetry, such as axes or planes, are the
ones which are physically most important. As a consequence the prepara-
tion of this detailed expression, in so far as it introduces material which is
not outlined in the work of Schoenflies, has made necessary the working out
of all of these special cases for all of the space-groups.

* At first Sohncke seems to have been inclined to view all of the points of a point system as
regular and all of one kind. When the insufficiency of this theory was emphasized he postulated
the presence of a few different kinds of points (which can be made to correspond with different
kinds of atoms). The partial grouping composed of the points of any one kind is homogeneous;
at the same time the different groupings all have the axes and the other elements of symmetry
in common.

1 A. Schoenflies. Krystallsysteme u. Krystallstruktur (Leipzig, 1891).

$ E. Federov. Z. Kryst. 24, 209. 1895; W. Barlow. Z. Kryst. 23, 1. 1894. Federov's work
appeared, in Russian, before that of either of the other two.



CHAPTER 1L

NATURE OF THE SPACE - GROUPS.
ELEMENTS OF SYMMETRY.

Azes of symmetry.—An axis of rotation of a figure* is a line about which
the figure can be rigidly turned. The angle of the rotation is the angle
between the final and initial positions of a plane which contains the axis
of rotation. A figure is said to possess an axis of symmetry when rotation
through a definite angle about an axis of rotation will cause the figure to
assume the same point-for-point configuration that it originally possessed.
The angle of the rotation about an axis which is required to bring about
this coincidence is called the angle of the axis of symmetry. Every figure
has an infinite number of 2r axes of symmetry; that is, a complete rotation
of 360° about any line through a body will cause it to assume its original
configuration. The operation of such a 2x (one-fold) axis is called the iden-
tical operation of symmetry (or simply the identity). If a rotation of 180°
is sufficient to effect a coincidence, the axis of rotation is a 180°, or two-fold
axis of symmetry; more generally, an n-fold axis of symmetry is one for which

a rotation of angle 2;' brings about coincidence. One-, two-, three-, four- and
six-fold axes are found in crystals (and in figures possessing crystallographic

symmetry). (Figure 1.)
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Fia. 1. The crystallographically significant rotational axes of symmetry.

Plane of symmetry.—In figure 2 the line POP’ is perper-dicular to the plane
ABCD. If then PO equals OP’ in length, the point P’ stands in a mirror-
image relation to the point P. If a plane can be passed through a figure so
that every point of the figure upon one side of this plane has a corresponding

* By a figure is meant any sort of a collection of points, lines, planes, and so0 on.
4




ELEMENTS OF SYMMETRY. 5

point in & mirror-image position upon the other side of the plane, the plane
is a plane of symmetry.

Center of symmetry.—A point of a figure is a center of symmetry if a line
drawn from any point of the figure to it and extended an equal distance
beyond will encounter a point corresponding to the arbitrarily chosen point.

(Figure 3.)

N

Fia. 2.

-z

Fig. 8. O is the center of symmetry of a figure in
which P and P, are corresponding points.

Screw-azes of symmetry.—A figure is said to experience a translation when
every point of the figure is moved by the same amount in the same direction.
A rotation about an axis accompanied by a translation along the axis of
rotation is called a rotary translation. This screw-motion must be defined
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both by the angle of the rotation and by the amount of the translation.
The axis of the rotation (and the line of the translation) is called a screw-
axis. If such a rotary translation will bring the points of a figure into co-

13 a IR G
B8 8 3 b
o __|3 3? R 2 ] )
P 3 n > NN
3N &3 ' N N [
TB° -2l X3 3R 5P
— = () «
o }1 }r P&‘{ K
T

[
b? 'up
[}
——
~

d

ﬂh‘te

o\
b dy

A
k27
&b da

}l'
B

/’5
T

%/T {}T/Jf ;;I{
£~

Fia. 4. The crystallographically significant screw axes of symmetry.

incidence, the axis of the motion is a screw-axis of symmetry. In a figure
having crystallographic symmetry these screw-axes may be one-, two-, three-,
four- or six-fold. (Figure 4.)

Glide planes of symmetry.—If a figure A
can be brought into point-for-point co- ¢ Pl
incidence by a reflection in a plane Gbég,,ﬂﬂﬂ
combined with a translation of a defi- of

nite length and direction in the plane, P

the plane is called a glide plane of “29
symmetry. In this case the transla-
tion-reflection must be defined both by

the position of the plane and by the z
length and direction of the translation.
POINT-GROUPS.

The thirty-two ways of suitably com-
bining these planes, axes, and centers
of symmetry give the elements of sym-
metry which are characteristic of the . . . .

. Fia. 5. P, de reflection of P in th

32 classes of crystallographic symme- @ p,::.ﬂ'“r;mm' 1n the

try. Each one of these combinations of
symmetry elements is a point-group. Thus, a point-group may be defined by
stating either the elements or operations® of symmetry which characterize it.

* By an operation of symmetry is meant any movement which will bring about & point-for-
point coinoidence. For instance. a six-fold axis of rotation possesses six operations of symmetry
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The elements of symmetry characteristic of each of the 32 point-groups
will now be given.
The cyclic groups have only one axis of symmetry. They may be written

symbolically as
2x
G- {A ;)}

where n may be either 1, 2, 3, 4 or 6. A will be taken as the symbol of a
rotation so that the term within the braces is to be considered as defining a

rotation of angle %" .

Diéder-groups have one principal axis of symmetry of angle 2n_t and n two-
fold axes in a plane at right angles to the principal axis.

.- {3(2)0)

where U (Umklappung) will be used to represent the two-fold rotation of
the secondary axes. The value of n may be 1, 2, 3, 4 or 6. The group D,
i8 clearly identical with C;, however. The positions of the axes of the other
groups are shown in figure 6. The group for which n=2 furnishes the spe-
cial case of three two-fold axes at right angles to one another; this group is
more commonly known as the vierer-group and is designated as V.

n=3 n=4 =6

. £ 72
3 ‘4
Us ws % 78

Uz
U, uz
() nw wu
Uy /\ %Y 44 ¥y
173
2 Uyg
u, ‘s

uw,
Uz 3 Uz o Us

Fia. 6.

The- tetrahedral group (symbol=T) has 3 two-fold axes at right angles
to one another (like the vierer-group) and 4 three-fold axes so placed that if
the two-fold axes are taken to bisect the sides of a circumscribed tetrahedron,
the 4 three-fold axes will each one pass through the point of intersection of
the two-fold axes and through one of the corners of the tetrahedron (figure 7).

The octahedral group (symbol=0) has 3 four-fold, 4 three-fold, and 6
two-fold axes arranged in the same manner as are the altitudes, the body-
diagonals, and the face-diagonals of a cube (figure 8).

The groups which have so far been considered require only simple rota-
tion axes for their expression; they are commonly called groups of the first
sort. Those that now follow are groups of the second sort.
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Cyclic groups of the second sort possess one screw-axis of symmetry

o~ (3(2)).

where the symbol in brackets may be taken as a rotary translation of angle
2—;-'. The value of n may be 1, 2, 3, 4 or 6. When n=1 the rotary translation
is clearly equivalent to a reflection in a plane at right angles to the axis of
rotation. Thus, in figure 9a the rotary translation of angle 2x will bring
the point P to the position P;; this operation is, however, equivalent to a

reflection in the plane through O normal to pp’, where Op is equal to one-
half of the length r of the translation component of the rotary translation.
When n=2, the resulting rotary translation Op is equivalent to an inversion
through the point O of figure 9b. These two groups may thus be written

Ci={A@2r)}={8} and Ci={A(x)}={I}
where S (Spiegelung) stands for a reflection and I for an inversion. In a
similar fashion it will be seen that when n=4, this group is identical with
L3

one obtained by combining a rotation A(§) with a reflection 8y in a hori-
sontal plane of symmetry. Thus '

o E)-0) 4

Other groups of the second sort can be obtained by combining a principal
axis of rotation with a plane or with a center of symmetry. Three types of
such groups having but one axis of symmetry are possible: (1) when the plane
of symmetry is normal to the axis of symmetry (a horizontal reflecting plane),
(2) when the plane of symmetry contains the axis of symmetry (a vertical
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reflecting plane) and (3) when the new element of symmetry is a center of
symmetry. These three types may then be written
(1) C3={Cn, 8} (2) Ci={Cn, 8v} (3) Ca={Cy I}

It can be shown that if n is odd, all three of these types are possible. When,
however, n is even, the number of different groups for any value of n is but
two. The groups of this sort that are thus possible are the following:

When n=1.—The group C! is clearly the same as the group Cj; further-
more it is identical with the group C,. Similarly the group C} is identical
with the group C,.

, b ” /
< a” L/ w\' N \z¢’ / /
3 —|
w ”

51 -

\\ . (27

YV, '\

/ [
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When n=2, 4 or 6.—Cl = C}, so that groups of the types Ct=C} and C] are
possible.

When n=3.—Point-groups of all three types are possible.

Some new groups arise by combining the axes of a group of the type D,
with a reflection plane. The plane of symmetry may lie in the horizontal
position (normal to the principal axis of symmetry); if it lies in the vertical
position new groups will be obtained only when the plane bisects the angle
between secondary axes (a diagonal plane). It can furthermore be shown
that in the latter case groups of crystallographic significance will be obtained
only when n=2 and when n=3. Thus, when n=2, 3, 4, or 6, we have the

new u
gronpe Dj=V, D=V, -Di D}

The groups T* and T* arise from the tetrahedral group, T, by combining
the axes of T with a horizontal and with a diagonal-vertical reflecting plane,
respectively. One new group, O -can be produced from the octahedral
- group O.

All of the 32 groups have now been defined. On the basis of their total
symmetry these 32 point-groups can be placed in 6 (or 7) systems, the systems
of crystallographic symmetry.* This classification of the point-groups is
given in Table 1, together with the names of the classes of crystal symmetry
(according to Schoenflies, Dana, and Groth) corresponding to each.

® A basis for this classification will become evident when the point-groups are discussed sep-
arately and given an analytical expression.
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TasLE 1.
¥
: g
Symbol. Class of symmetry. g E 3
5833
P 2 s
Z3% &
ScmomwrLizs. Daxa. Gaorn.
I. Trickinie aystem:
.G Hemihedry Asymmetrie Asymmetrio pedial
. CamBa=C; Holobedry Normal Pinacoidal
_ II. Monoclinic system.
3. Ci=ct=c, Hemihedry Clinohedral Domatie
.G Hemimorphic hemibedry Hemimorphie Monodlinic sphenoidal
5. ch Holobedry Normal Monoclinio prismatic
II1. Orthorhombic system.
6.C; Hemimorphic hemihedry ~ Hemimorphio Rhombic pyramidal
7. Di=V Enantiomorphic hemihedry Sphenoidal Rhombic bisphenoidal 4
8. pP=vb Holobedry Normal Rbombio bipyramidal 8
- IV. Tetragonal system.
9. B=Co Tetartobedry of second sort Tetartobedral Tetragonal bisphenoidal 4
10. vd=pd Hemihedry of second sort  Bphenoidal Tetragonal scalenohedral 8
11. C Tetartohedry Pyramidal hemimorphic =~ Tetragonal pyramidal 4
2.t Paramorphic hemibedry  Pyramidal Tetragonal bipyramidal 8
s.C] Hemimorphic hemihedry ~ Hemimorphio Ditetragonal pyramidal 8
Enantiomorphio hemihedry Trapesobedral Tetragonal trapeschedral 8
15. pb Holohedry Normal Ditetragonal bipyramidal s
V. Cubie system.
Tetartohedry Tetartohedral Tetrahedral pentagonal dode-
cahedral 12
. Paramorphio hemibedry  Pyritobedral Discisdodecahedral u
18. ¢ Hemimorphic hemihedry ~ Tetrabedral Hexacistetrahedral u
Enantiomorphio hemihedry Plagihedral Pentagonalicositetrahedral 24
Holobedry Normal Hezaclsootahedral «
VI. Hexagonal system.
Rhombohedral Division
21. G Tetartohedry u. Trigonal pyramidal 3
2.cl Hexagonal tetartohedry of Trirhombohedral Rhombohedral ~ s
soocond sort
2. G} Hemimorphio hemibedry  Ditrigonal pyramidal  Ditrigonal pyramidal ~* s
‘24. Da Enantiomorphic hemihedry Trapesohedral Trigonal trapesohedral” 6
2. p¢ Holohedry  Rhombobedral Ditrigonal scalenohedral ~ | 13
) Hesagonal Division E
%. ch Teezoal parumorptio bee- 3. Trigonal bipyramidal * s
37. D} Trigonal holohedry Trigonotype Ditrigonal bipyramidal 12
3. G Tetartobedry Pyramidal hemimorphic ~ Hexagonal pyramidal ]
».C; Paramorphic hemibhedry ~ Pyramidal Hexagona! bipyramidal \ 12
%0. C} Hemimorphic hemihedry ~ Hemimorphio Dibexagonal pyramidal \ 12
31 Dy Enantimorphic hemibedry Trapesohedral H | trapeschedral » | 12
a2. nP Holobedry Normal Dibexagonal bipyramidal \ | 24
|

Note.—It may be remarked that the numbers of the first column have no particular sig-
nificance and do not refer to any of the current systems of designating symmetry classes.
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The analytical expression of the poini-groups.—On the basis of the defini-
tions of the 32 point-groups, the operations of symmetry (footnote on page 6)
that characterize each of them can be immediately written. Furthermore,
it is evident that if any point, x, y, z, is subjected to each of the operations of
a point-group, a group of equivalent points will result whose symmetry is

<

|-

NN

| B
Fia. 9.

that of the point-group; thus its analytical expression is obtained. The
operations of symmetry which are characteristic of each of the point-groups
will now be stated and through them analytical representations given to each
of these groups.

: “TRICLINIC SYSTEM.

Point-group C,.—This group has but one element of symmetry, the identical
operation (symbol=1). Since the identity brings any point x, y, z into
coincidence with itself, any single point, xyz, serves as an analytical rep-
resentation of this group. The coordinate axes to which these coordinates
refer obviously can be any three lines in space, of unequal unit lengths and
making unequal angles with one another. Such axes will be called the tri-
clinic axes of reference. They are equally serviceable for the point-group,
C,, which follows.

Point-group C,.—The operations of symmetry characteristic of this group
are the identity (obviously an operation of every group) and an inversion
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(symbol=I). Since an inversion through the origin of coordinates changes
the signs of all three coordinates (figure 3) the operations of symmetry and
the coordinates of equivalent points of this point-group are

Operations of symmetry: 1, L

Coordinates of equivalent points: xyz; xyi.

MONOCLINIC SYSTEM.

In their analytical expressions all of the point-groups having the symmetry
of this system can be referred to a system of axes, two of which (the X- and
Y-axes) make any angles with one another; the third axis (the Z-axis) is normal
to the plane of these other two. The Z-axis consequently is taken to coincide
with the principal two-fold axis, where such exists.

Point-group C,.—The single operation of symmetry (besides the identity)
of this group is a reflection to be taken in the horizontal (XY-) plane. Since
such a reflection (symbol=S,) changes the sign of the z-coordinate (figure 10),
the operations and equivalent and equivalent points of this group are

Operations of symmetry: 1, Sp.
Coordinates of equivalent points: xyz;  xyZ.

N

z

TWO~FOLD AX/S

»

Fia. 10. Fia. 11.

Point-group C;.—A two-fold rotation about an axis (the Z-axis) normal
to the plane of the other two axes of coordinates, changes the signs of these
two coordinates (figure 11). Consequently the point-group C; can be ex-
pressed as :

Operations of symmetry: 1, A(x).
Coordinates of equivalent points: xyz; %y3z.

Poini-group C.—Since this group is developed by mirroring C; in a - hori-
zontal (XY-) plane of symmetry, it is to be expressed as follows:
Operations of symmetry: 1, A(x), Sh, A(x)Sh.
The operation whose symbol is A(x)S,, the product of A(x) and S,, is to
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be understood as a two-fold rotation followed by a reflection in the hori-
zontal plane.*

Coordinates of equivalent points. xyz; %¥z; xy2; &93.

ORTHORHOMBIC SYSTEM.

The orthorhombic axes of reference are three mutually perpendicular
axes of unequal unit lengths.

Point-group Cj.—Since reflection in a plane containing two of the axes
of reference and normal to the third changes the sign of the coordinate value
for the third (confer C}), this point-group may be expressed as

Operations of symmetry: 1, A(x), S, S,A(x).
S, is a reflection in a vertical plane (taken through Y and Z).
Coordinates of equivalent points: xyz; %9z; Xysz;  x¥s=.

z
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Pointgroup V.—The rotations about the three mutually perpendicular
two-fold axes will be designated as U, V, and ‘W (figure 12).
Operations of symmetry:
1, U V, W
Coordinates of equivalent points:
Xyz;  XxyZ; %yi; %9z
Point-group V®.—As usual, the XY-plane is taken as the horizontal mir-

roring plane.
Operations of symmetry:
, U V, W, 8, U8, V8 WS,
Coordinates of equivalent points:
Xyz, xyz; Xyz; xyz; xyz; xyz, Xyz; %yi.

* The order of combining the operations in such a product is immaterial. It could equally
well have been called a reflection followed by a two-fold rotation.
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TETRAGONAL SYSTEM.
The three tetragonal axes of reference, mutually perpendicular to one
another, are two (the X- and the Y-axes) of equal unit length.
Point-group Ci=S.—
Operations of symmetry:

1, S,,A(-;), A(r)*, S.,A(%)

Coordinates of equivalent points:
xyz;  §xz; Xyz;  yXi.
Point-group C,—As we have just seen, the rotation of angle ;about the
Z-axis interchanges the X and Y coordinates and leaves the new X-coordi-
nates reversed in sign (figure 13).

Y
P57
" b
= X
F1c. 13.
Operations of symmetry:
A(3) A A%
1, 2) ("): A

Coordinates of equivalent points:

Xyz;  §xz;  %yz;  y%a.

Poinigroup V4.—The diagonal reflecting plane contains the Z-axis and
bisects the angle between the X- and Y-axis. Reflection in such a plane
(Sa) interchanges the X- and Y-coordinates (figure 14).

Operations of symmetry.
1, U VvV, W, Se, U8, VSs, WS,

Coordinates of equivalent points.:
Xyz;  XyZ; Xy3; %¥3;  yxz;  §x%; yRZ;  ¥xa.

¢ This arises from the observation that two reflections in the same plane nullify one another.
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Point-group Ci.—
Operations of symmetry:

3 3
LoA(3) Aw A(F) s sA(5) sam, sa(F)
This may be more conveniently written as Ci= {C,, S,}, signifying that the
operations of C} are those of C, plus the reflections of these operations in

the horizontal plane.*
Y /
5 X/
¢

I‘; X

7,

‘\(3 ’

\
re
&
Fia. 14.
Coordinates of equivalent points:

xyz; §xz; R%yz; yX%s; XxyZ; §x2; X§¥I; yxL
These coordinates illustrate the fact, of which use will commonly be made
in the work which follows, that a two-fold rotation about an axis combined
with a reflection in a plane normal to the axis is equivalent to an inversion
(figure 15). Thus Ci={C,, I} is an alternative expression of the point-
group Ci. In this latter case the coordinates of equivalent points would be
written in the following order.
xyz;  ¥xz; Xyz; yRe; Xy%; yX&; xy%Z, @ yxi.
Pointgroup C].—
Operations of symmetry:
Cx= ‘Cb Sv’ .
8, is again a mirroring in the vertical, YZ-plane.
Coordinates of equivalent points:
xyz;  ¥xz; Xyz; yRz; Xyz; yxs; x§z;  §Ra.
Pointgroup D,.—The four two-fold axes lying in the XY-plane coincide
with the X- and Y-axes and bisect the angles between them (figure 6). The

* In the future this abbreviated representation will be used when no ambiguities are thereby
introduced.
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operations of symmetry of D, may consequently be obtained by applying
the operations of one of the two-fold axes (the one coinciding with the X-
axis will be employed) to those of C,.
Operations of symmetry:
Dl- {Cb U"
Coordinates of equivalent points:
xys; §xz; R§z; yRs; xyI; §RI; Ry?; yx2.
If other two-fold axes were used, the order of the last four coordinate values
would be changed.

Q TWO-FOLD AX/S

Fra. 15.
Point-group D}.—
Operations of symmetry:
m= {Db SA} = {Dh I}'
Coordinates of equivalent points:

xys;, ¥xz; X§z; yxz;  x§2; §RI; Ryi;, yd;
xy%; ¥xz; xyz; yXz; xyz; yze; Ryz; yxz.
CUBIC SYSTEM.
The cubic axes of reference are three mutually perpendicular axes with
units all of the same length.

Point-group T.—
Operations of symmetry:
1, U, v, W,

(3) () W) )

3
4r 4x
5) (%)
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A, A,, A;, A, are rotations about the trigonal axes of a, a;, a4, 8s of figure 7.
Coordinates of equivalent points:
Xyz;  XxyZ; Xyz; @ X¥s3;
I { =xy; 2xy; Z2xy; 23¥;
yzx;  ¥iIx;  yIX; @ §IX;
Point-Group T —
Operations of symmetry:

T={T, 8} ={T, I}.

In writing the coordinates of equivalent points the second of the representa-
tions will be used.
Coordinates of equivalent points: The 12 coordinate positions of T, and
z Xy%;  Ryz;  X§z;  XyE;
II. { zxy; =Ry; =x§; ¥xy;
yax;  yzx; §=x; yix
Point-group T4.—The diagonal mirroring plane is taken to bisect the angle
between the X- and Y-axes.
Operations of symmetry:
Te={T, Sa}.
Coordinates of equivalent points: The 12 coordinate positions of T, and
yxz;  yxi;  y%5;  §%s;
IIL. { xzy; xZ§; XZy;  RX2§;
syX;  Iyx;  3yX; 9%
Point-group O.—
Operations of symmetry: The 12 operations of T, and

0w a() ()
Vi Vs B,(lz'), B,(%'),
womos) o)

Rotations about the various axes of figure 8 are represented by the corre-
sponding capital letters. The four-fold axes b, b; and by have the positions
of u, v and w of figure 7.
Coordinates of equivalent positions: The 12 coordinate positions of T, and
yxz; yRz; ¥xz; yxz;
IV. { %2y; RXzy; x3§;  x2y;
Zyx;  zyx; I¥x;  @yx.*

* The order of writing these coordinates has been changed about to make it conform with its
Jater uses.
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Point-group O*.—
Operations of symmetry:
o= {07 sh} = {0, I}.
Coordinates of equivalent positions: The 48 coordinate positions of
L, II, III, and IV.

HEXAGONAL SYSTEM.
REOMBOREDRAL DiIvisioN.

The point-groups of this division will be desecribed in terms of two kinds
of axes of reference. The rhombohedral axes (1), all of the same unit length
and making equal angles with one another, are arranged symmetrically
about the three-fold axis (figure 16). Two of the hexagonal set of axes (2)
are of equal unit lengths and make an angle of 120° with one another (figure
17); the third, the Z-axis, is of a different unit length and is normal to the
plane of the X-and Y-axes. This second set is thus a special case of the
monoclinic axes; the cubic axes, on the other hand, are a special case of the
rhombohedral (1) axes. Coordinates according to the rhombohedral axes are
given below under I, according to the hexagonal axes under II.

Fia. 16.

Point-group Cs.—
Operations of symmetry:

L o5) A5)

Coordinates of equivalent points:

I xyz; ZXY; yzX.
II. xyz; yx %12z  § xy2*
Point-group Cy.—
Operations of symmetry:
Cy=1{GC,, I}.

® A reference to figure 17 will show the source of these coordinate values.
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Coordinates of equivalent positions: : .
I xyz; ZXy; yax; £y2; 2%y; yas.
IL. xyz; y=x %3z §,xy,32 2’92 =xy,x%, yyxi
Point-group C3.
Operations of symmetry: Cj={C;, S,}.
This vertical reflecting plane can have two possible positions, one containing
both the X- and the Z-axes (hexagonal axes II), the other containing the
Z-axis and a line in the X'Y-plane which makes an angle of 30° with the X-axis
(see figure 26). The reflection in a plane occupying the first of these two
positions will be designated as S,, the reflection in the other plane by S,.
Coordinates of equivalent points:

Fia. 17.

L
Xys; =IXy; YIX; yXz; Xsy; ZyX.
I1I.
When Ci={C;, S.}:
Xyz, yx, ﬁr z, y} X-y, &, x-y, y’ z, yxs; xr y-x, z.
When C3={C,, 8,}:
Xyz, Y-X, x) z, y’ X-y, z; ¥yX Y, % m; X, X-y, 2.
Pointgroup D3.—
Operations of symmetry: Dg={C;, U}.
The two-fold axis of rotation may lie either in the X-axis or in a line in the
XY-plane which makes an angle of 30° with the X-axis. A rotation about
the first-named axis will be called U,, about the second, U,. There may thus
be two different sets of coordinates of equivalent points for the point-group
D; corresponding to the two sets already defined for Cj.
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Coordinates of equivalent points:
I
xyz; =Xy; ymIX; §%; %3y; Iy
II.
When D, ={C,, U,}:

XYz, ¥y-x, X, z; ¥, x-y, z; xy, ¥, %; yxz; X yx2.
When D;={C;, U,}:
xyz; yXx%3% ¥,xy,3 yXxY,% ¥%; xxyi2
Point-group D§.—It can be shown that this point-group arises from the
combination of D, with an inversion. Just as there are two ways of ex-

pressing D; in terms of hexagonal axes of reference (depending upon the
position of the two-fold axis) so there must be two ways of expressing Dj.

Operations of symmetry:
D3= {Da: sa} = {Da: I}-
Coordinates of equivalent points:
L
Xyz; 2Xy, yzx; yxz; xzy,; z2y%;
xyz; 2Xy; yzx; yxz; Xzy; ZyX.
II.
When the operation of the two-fold axis is U,:
Xyz, y-x, ir z, yy X-y, 2, X-y, Y: i; yxz; x) y-Xx, z.
iyi; x-y, X, E; Yy, yx, 2; y-x, ¥, %, ﬁ!; X, X-y, .
When the operation of the two-fold axis is Us:
XYz, y-x, ir z, y} X-y, z, yx,y, 2; m; X, X-y, 1;
XS'Z; Xy, X, i; Y, ¥YX, i; Xy, y ) & yxz, i) ¥y-x, &.
HrxAgoNAL DivisioNn

The point-groups of this division of the hexagonal system will be expressed
only in terms of the hexagonal axes.

Point-group C}.—
Operations of symmetry:
Cg = {Cl’ sh} .
Coordinates of equivalent points:
Xyz, y-X, i’ Z; yr X-y, 2, XY‘—", y-x, ir 2; y’ x-y, 2.
Point-group D3.—
Operations of symmetry:
D}={D;. 8,u}.
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Just as there are two ways of expressing D;, 8o there will be two ways of
stating Dj. ’
Coordinates of equivalent points:
When the two-fold axis has the position of the X-axis (U,):
Xyz, y-x, i’ Z Yy X-y, Z; X-y, Y) E; m; xl y-x, ’;
Xﬁi yX, X, 2; y' x-y, H h x-y, y’ Z, yxz, x’ ¥Y-X, Z.
When the two-fold axis makes an angle of 30° with the X-axis (U,):
XYz, y-x, %, z; ¥, x-y, z; y-x, ¥, Z; yxz; x, X-y, 2;
Xyz; yx, X Z; ¥, xy, 2 Y-X, Y, % ¥Xxz; X, X-Y, =.
Pointgroup Co.—
The operations of this group can be written as those arising from the opera-
tion of a 60° axis of symmetry. Taken thus the operations of C, are:
Operations of symmetry:

2 4x 5x
LA 43 e A )
Coordinates of equivalent points:
Xyz, Y, ¥X, Z, ¥yx, &, z; xyz; ¥, xy, z; x-y, X, 5,
Point-group C}.—
Operations of symmetry:
Ci={Cs, S}.
Coordinates of equivalent points:
Xyz, Y, X, 2; y-x, %, z; bat H ¥ xy, 5; Xy, X, %,
xyZ; Y, ¥X, Z; y=x, &, Z; xy2; V. xy, 8 xy, x, 8.
Point-group C3.—
Operations of symmetry:
Cz" ‘CO’ sv}'.
Coordinates of equivalent points:
Xyz, Y, Y%, z; Y-X, x: tH xyz; y» Xy, %, X-y, X, &,
X, yx, z; YX Y, %; yxz, X, X<y, Z; xy, ¥, 5 s
Pointgroup De.—
Operations of symmetry:
Dy= ‘Co, U}
U is a rotation of 180° about axes in the XY-plane, one of which coincides
with the X-axis.
Coordinates of equivalent points:
Xyz, Y, YK, 2, Yy X X, 2; Xz, ¥, xy, z; Xy, X, 8,
% VX%, yXxy2% yxZ; xxy,2; xy,¥,2  §R.

¢ This group is of course equally the result of operating upon C; by a two-fold axis coincident
with the Z-axis. That is,
Ci={Cs, U4}.
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Point-group D}.—

Operations of symmetry:
D3={Ds, 8a} = {Ds, I}.

Coordinates of equivalent points. )
XY, Y, ¥X, %, ¥y-x, %, z; Xyz; y; X-y, 2, x-y, X, &,
% yx 1; yx, ¥ 2; yxz; X, X-Yy, 2; xy, ¥, % yzz.
%y, §.xy, % xy,x % xyi, v, yx % yx} &
X, X-y, %, x-y, Yx tH y*l; x) ¥-x, z, yx,Y, % yxs.

'SPACE LATTICES.

A series of parallel planes such that the distance between any two consecu-
tive planes of the series is constant is called a set of planes.

The sum total of the points of intersection of any three sets of planes is
called a regular space lattice.
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Fia. 18. A symmetrical lattice. The intersection points of this figure are
points of the lattice.

If some point of a lattice (O of figure 18) is taken as the origin of coordi-
nates, the neighboring points of the lattice are given by the translations
%27y, *2r,, =27, along the X, Y and Z axes; and in general any point
of che lattice is given by the composite translation

1= 2mr; +2n7,42p7,

where m, n and p are any integers or zero. The three translations, 2r,, 27,
2r,, giving neighboring points of the lattice, are called the primitive trans-
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lations. It is customary to define a lattice by stating its primitive trans-
lations with respect to the axes of reference.* This definition is sufficient
since the primitive translations of a lattice can be considered as those transla-
tions which will yield all of the points of the lattice by their continued
application, first to a point of the lattice chosen as origin, and to the new
points continually derived from this and succeeding applications.

It can be shown that but fourteen symmetrical lattices are possible; each
of them has the complete symmetry of one of the seven systems of crystallo-
graphic symmetry (counting the rhombohedral division of the hexagonal
system a8 a separate system).

The primitive translations of these 14 space-lattices, identical with the
lattices of Bravais, are as follows. The axes of reference are the same as
those used for the point-groupe of corresponding symmetry.

Symbol. Primitive translations.
Triclinic system.
1. ) 2714; 27y; 27,.
Monoclinic system.
2. ) 21,; 21y; 27,.
3. | ¥ 2745 Tyy Ta3 Tyy _"'rT
Orthorhombic system.
4. T 273 27y; 21, ,
5a. T (a) Txy Ty; Txy —Ty; 274,
b. Iy (b) . 2125 Tyy Ta Tyy —Tse t
6. Ty Ty) Tsy Tss Txy Txy Ty <
7. ry” 2755 2755 2745 75y Ty, Tye -
Tetragonal system.
8a. T, (a) 27,; 27y ; 27,.
b. T, (b) Ty Tys Ty —Ty; 275,
9a. T, (a) Tyy Tsy Tsy Tx5 Txy Ty
b. .’ (b) 21 27y; 2745 Txy Tye Ts.
Cubic system.
10. T, 275; 27y; 21,.
11. r, e Tyy Ts} Tay Tz} Txs Ty-
12. r.” 2745 21y; 274 T, Ty, Tse
Hezagonal system. ) o
13. Ty 27,; 275; 27,. (Rhombohedral Axes)
4. T, 27,; 27y; 2r,. (Hexagonal Axes)

* Different groups of primitive translations for a single lattice are possible by taking the unit
directions differently. We shall have use for the primitive translations just defined and for no
others.

{ By 7y, 75 is meant a translation 7y along the Y-axis followed by one of length 75 along the
2-axis. The translation ry, — 75 is similar except that r5 is here taken in the —3z direction.
These are written by Schoenflies as ry 4 r5 and ry — 75 respectively.
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Lattices 13 and 14 belong to the rhombohedral division; lattice 14 has the
- complete symmetry of the hexagonal division of the hexagonal system.

Lattices 2, 4, 8a, 10, 13 and 14 are all special cases of lattice 1, in which the
lengths of the units along the axes or the angles between the axes have par-
ticular values. The lattices having the symmetry of the tetragonal and of
the cubic system can be looked upon as special cases of the orthorhombic
space lattices; in this process of specialization, for lattices of tetragonal sym-
metry, if the axes are taken after the manner of lattice 4, Sa is obtained, if
according to 5, 8b results. The two forms of 8 are, however, identical,
In a similar fashion 9a and 9b arise from 6 and 7.

SPACE-GROUPS.

In giving analytical representations to each of the 32 point-groupe the
different ways have been expressed in which points can group themselves
about a central position so that the aggregate of points will by their arrange-
ment exhibit crystallographic symmetry. We are not, however, primarily

z,
Y

Fic. 19. The point-group C3. The points P, P, P, P, are the four
equivalent points of this point-group.

interested in such an aggregate of points about a single position in space but
rather in the indefinite extension in all directions of such a symmetrical
grouping of points. In order to accomplish this, it is necessary to distribute
point-groups (or perhaps other suitably symmetrical groupings of points),
properly oriented according to some regular pattern which repeats itself
indefinitely in all directions. Such a regular pattern must be one of the 14
space lattices. The indefinitely extended symmetrical arrangement of points
all equivalent to one another, which is obtained by placing such groups of
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equivalent points with their centers at the points of one of the regular space
lattices, is & space-group.*

For the sake of illustration the very simple space-group which is obtained
by placing the point-group Cj, the holohedry of the monoclinic system, (figure
19) at the points of the monoclinic space lattice I'm will be considered.f A
portion from this space-group is shown in figure 20. The four equivalent

z

Fia. 20. A portion from the monoclinic space-group Ciy.

points P, P,, P, and P,;, (and the two-fold axis of symmetry and the plane
normal to it) of C} repeat themselves about each of the points O, A, B......
of the first monoclinic lattice 'm. Taking O as the origin, then the coordin-
ates of the points of the group about A, the point of the lattice obtained by the
primitive translation 2r,, are

x+27,, Y, 2; 2r;—X, ¥, 2; 21, —X, §, %; X+ 27,, 5, Z.

In a similar way the coordinates of the equivalent points about the other
neighboring points of the lattice and in general about any point of the lattice

¢ The view which one takes of a space-group will depend largely upon his interests. For
instanoce, the crystallographer will in all probability consider a point-group as a particular aggre-
gation of elements of symmetry arranged in some definite fashion. The space-groups will then,
first and above all, describe to him the way in which these elements of symmetry can be dis-
tributed throughout a crystal. On the other hand, the physicist or chemist who is accustomed
to think of a crystal essentially as an orderly arrangement of atoms or molecular groupings of
atoms will probably incline to the more analytical view of point-groups and space-groups as aggre-
gates of equivalent points which are potential positions for the atoms in crystals. Because we
are interested here in discussing only those phases of the theory of space-groups which are of
immediate use to the physical study of the structures of crystals, the characteristics of symmetry
by the various space-groups will receive only such treatment as is required for the
building up of an analytical expression of the results of the theory.
% Figure 18 will illustrate I'm if X and Y have any unit lengths and make any angle with one
another, and if Z is normal to the plane XY.
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are given by one of the following sets which, taken together, completely
define this space-group:

x+2mr,, y=+2nr,, z+2p7,;
+2mr,~x, +2nr,—y. £32pr,;
+2mr;,—-x, *2nr,-y, +2pr,—2;

x==2mr,, y=2nr,, +2pr,—z;

where, as before, m, n and p can be any integers or zero.

Some of the space-groups are obtained by thus placing point-groups at the
points of the lattice of corresponding symmetry; the rest of the 230 typical
ways of arranging points so that the assemblage will exhibit crystallographic
symmetry may be obtained by placing, at the points of these lattices, groups
of points analogous to the point-groups, and derived from them, of such a
nature that the symmetry of the aggregate is that of one of the point-groups
themselves.

It is obvious that a space-group is completely defined (analytically) when the
coordinates of the equivalent points ranged about one point of the lattice
(the points of a point-group or of a “modified point-group”) and the primitive
translations of the lattice are given; for, as we have just seen in the case of
the monoclinic space-group, with this information it is always possible to
reconstruct the space-group.

AN OUTLINE OF THE DERIVATION OF THE SPACE-GROUPS.

The nature of each of the space-groups will be apparent from the following
tabular outline. Under each class of symmetry a brief discussion of the
development of the space-groups exhibiting its symmetry will be given. This
will be followed by a statement under three headings of (1) the symbol of
the space-group, (2) an abbreviated indication of its particular derivation, and
(3) the fundamental lattice underlying it.

TRICLINIC S8YSTEM.
Hemihedry.—
The single space-group of this class is obtained by placing the single equiva-
lent point of the point-group C; at the points of the lattice I'.
L {C:=C,, I‘w}'* )
Holohedry.—
The single space-group having this symmetry is obrained by placing the
equivalent points of C; at the points of the lattice T'.
2. C:=IC|,1‘.,}. I 49

* The space-group symbol is a simple adaptation of the symbols used for the point-groups.
The letters to be found in exponent position in the symbols for point-groups are reduced to the
subseript position. The different space-groups isomorphous with a particular point-group are
distinguished by numbers in the exponent position. Thus Cz'; is the fifth space-group (isomor-

phous with the point-group C3) that is defined.
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MONOCLIVIC SYSTEM.

Hemihedry.—

The space-groups having this symmetry can be developed by combining
the spacegroup C} when it has the specialized form of either I'y or I'n,
with a gliding reflection in a plane which is taken as that of the X- and Y-
axes.* :

3. C:S{Fln Sn}- I Y

4. C: = {rnn 8u(r)}. | 4

5. C: = {I‘n’; Sn ’ . rn’

6. C: ={ | S NG/ ’ . Iy’
Hemimorphic hemihedry.—

Since the point-group C: is obtained by combining C, with a two-fold
axis, the space-groups isomorphous with C; can be obtained by combining
the lattices I', and I'y,’ with screw axes of symmetry. The translation com-
ponents of these screw-axes are either zero or half a primitive translation in
the direction of the Z-axis.

7. C; = {le A(") l . Tn

8. C: = {I‘my A(“'; f.) l . I'n

9. Ci={rIy, A(®»}={Iy’, A(x, .)}. ) Y
Holohedry.—

The space-groups isomorphous with C} can be obtained by multiplying
(=combining) space-groups isomorphous with C; with the operation of a
glide plane of symmetry. Since a rotation of 180° combined with a reflec-
tion in a plane at right angles to the axis of rotation is equivalent to an
inversion, these space-groups result also from multiplying the groups iso-
morphous with C,; by an inversion.

10. Cap={C3 &}. Ta
11. C”hg {ng Sh}' rn’
12. Ca={C},8,}. T’
13. Cup={C} 8(n}. Ta
U Cup={C] 8(n)}. Ta
15. Ca={C} S(n}. T’

ORTHORHOMBIC SYSTEM.

Hemimorphic hemihedry.—

The intersections with the XY-plane of the axes of space-groups C3' (the
space-groups having the symmetry of Cs) when the angle between the axes
has the special value of 90°, is given by the points A, B, C, D, A, . ...
of figure 21. The space-groups isomorphous with C; can be developed by

* A glide plane the translation component of which is sero is of course a simple reflecting
plane. 1, a primitive translation in the XY-plane, may then be chosen as either ; or ry.
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multiplying groups ismorophous with C; by a vertical glide plane of sym-
metry, that is, one parallel to or containing the Z-axis. The various possible
positions of the intersections of these planes with the XY-plane are shown
by o, on, ete. of figure 21a and a4, 04/, ete. of figure 21b.

A O P} A, A
é é B 6
a9 m' = 7 %, % d"il
2 € A ~ A 5 wid
As I Az
A L
;fx z;x
Fia. 21.

16. CSIV“C;’ S’gg(?dl, Sl}' To

17. C”'g {(:,2) s’ = ‘C:: Sl(fl),‘ r‘

18. Cq={G;, 8(r,)} To

19. Ct‘v‘:‘{C;r s(fx)’g‘C:; sn;}' I\

20. Cg,={C3, 8(r)}. T

21. Cz°v= {C;) S(Tx+1'.)}. T

22. C:v'-" {C:’ S(fx+7l)}' T

23. Ci={C;, Su(r)}. Ty

24. Cq={C} Su(r)}. T

25. C;vo" [C;; Sm('rx"l"‘rl)}- To

26. ;:- {C;v Sa} = {C;) Sa}- To'(a)

27. Ci3={C3, 84}. To'(a)

28. Ciy={Cj, 84(r,)}. To'(a)

29. Cyy={G;, 8}. I'd'(b)

30. Ciy={C3, S(n)}. T'o'(b)

31. Cy=1{C3, S(m)}. T'o'(b)

32. Cyr=1{G;, S(ry+,)}. To'(b)

33. Ci¥={C} 8i. ) '

34. C;e = {C:) SD[}(T!+TI)] }. I

35. CR={C3, Sq}. ry”

36. Ch={C3, 84(n)}. |

37. C3={C3, S4(10)}. Iy

Enantiomorphic-hemihedry.—

Definition.—If a certain portion of the operations of a group when taken
alone themselves form a group, they define a sub-group.
The space-groups isomorphous with the point group V are best described
by giving the sub-groups whose axes are parallel to the X, Y- and Z- axes
of the lattice (and of the coordinates).
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38. V'={C; C;, Ci}. T,
39. V’={C;; C;r C;}' ro
40. V’={C;y C:’ C;}' PO
41. V‘={C:) C;: C;}' Ty
42. V¢= {C:, C;, c";}' I‘o’(&)
43. V':'{gr C;; C;'- ro'(a)
4. V={G, G, G}. T,

45. V¢={C} C;, C3}. T,”
46. V*={Cj Cj C3}. T,"*

Holohedry.—

The space-groups isomorphous with V* can be obtained by combining
groups isomorphous with V with a horizontal gliding reflection. It is more
simple, however, to consider them as developed by combining certain groups
V™ with inversions. The locations of these points of inversion will be clear

from a reference to figure 22.

47. Vi={WI}. T,
48. Vi={VWI.}. T,
49. Vi={V1,}. T,
50. r = {V,I,}. T,
51. Vi={WI}. T,
52. Vi={WV1I.}. T,
83. V;’I "{V” Iu}- To
54. V: = {V', Ik’. Po
55. V: ={V’, I’. Po
56. V¥@={WV I.}. Ty
57. Vil={V, L}. I,
58. Vlh’= ‘V‘, I". ro
59. V¥={WIL}. I,
60. Vi¥={V3L}. I,
6l. V¥={V,I}. T,
62. Vi={VI,}. T,
63. Vi¥={V,1I}. Ty(a)
64. Vy={Vs I,}. Ty'(a)
65. VI={Vs I}. T,(a)
66. Vi={Vs I.}. Ty'(a)
67. Vi ={Ve, I,}. Ty(a)
68. Vi={Ve, I} Ty(a)
69. V¥={V,1}. T,
70. CY¥={V, 1.}. I,”
71. V¥={Vs, I}. T
72. V={Vs 1.}. T,”
738. Vi={Vs,1I}. T,
74, V¥={V9,I). T,”

* These two last space-groups differ in the manner of distribution of their axes. For the
former the axis of rotation lies in the line AD, for the latter in the line BC of Figure 21.
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TETRAGONAL SYSTEM.

Tetartohedry of the second sort.—

The groups S¢' can be obgained by combining groups isomorphous with Cs
with a rotary-reflection (a rotation combined with a reflection) having the
same axis as the group C7.

75. 8¢={Cj A}. T,
76. 8{={C} A}. 1/

Hemihedry of the second sort.—

The space-groups isomorphous with V* can be obtained by multiplying
groups isomorphous with V by the operation of a diagonal vertical glide plane
of symmetry. A reflection in the plane WMGA of figure 22 will be called
04, one in the parallel plane through F, aq,.

i [ d
/ '.”
# H -
L yd
Tx
Frc. 22.
77. V: = {V‘, Sd}' P‘
78. V: = ‘Vl’ Sd(fl)’ T,
79. V: - {V’, Sd}. rt
80. V: = {V., Sd(fl) } . T,
81. Vi ={Ve 8. T,
82. v: = {V‘, Sd("'l)}- T,

83. VI={w, s,,(’%”)} T,
s Vi={w a5 )} T

85. Va ={V7,8,}. r/
86. V={V, 84(rs)]. T/
87. Vil={Vs 8,)}. T,
88. Vi&={V3, 84(r)}.* ry
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Tetartohedry.—

The space-groups C;' can be derived by arranging screw-axes of symmetry
according to the two tetragonal lattices.

89. c:={A(32-), r.} T,
T 7T
o a-laEZ)).

91. Ci={A §r> r.}. T,

(
w2 ct={a(

93. Ci= {A(g) r{}. r/
4. Cl= { A(g’ ?)’ I\"} )

Paramorphic hemihedry.—

The groupe Cg; are most readily obtained by inverting groups isomorphous
with C, either through a point lying in a four-fold axis or midway of a line
joining two four-fold axes. This second inversion will be represented by I,.

95. CA={Ci,I}. T,
96. Cg’h = {C:, I}. P‘
97. CA={C.,, L}. I,
98. C:n = {C:; Il}- T,
99. Chi=I(C; I}. 1/
100. C4={C{L,}. T/

Hemimorphic hemihedry.—

The groups Cg; are obtained by multiplying groups C{® by vertical gliding
reflections. The positions of these reflecting planes are shown in figure 23.

101. CA={Ci, S,}. T,
102- C:' = {C:, Se } . I“
103. Cl={Cj},8,}. T,
104. C:v = ‘C:r se } . r,

105. Co=1{Ci, 8,(r)}. Ty
106. C:' = ‘C:’ Se (75) } . Ty
107. C:' = {C:, Sl(fl) } . T
108. C‘s' = lC:y SO(TI) } . r'
109. C:v = {Cz; Sl } . I‘"
110. :'o____ {C:, Sl("l) }° P"
111. Ci;=({C%, 8,}. r,’
112. Ci={C3, S.(r))}. T
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Enantiomorphic hemthedry.—

Since the point-group D, results from the multiplication of C, by a two-fold
axis lying in the plane normal to the four-fold axis of C,, the groups D%,
arise by multiplying certain of the groups C%, by two-fold axes lying in the
XY-plane. The positions of these axes are shown in figure 23, if the lines
AB and C,C, define the axes U, and U, respectively.

113. D ={C} U,}. T,
114. D% ={C}, U,}

115. D}=(C{, U,}. T,
116. D{={C; U,}.

117. D{={C}, U,}. T,
118. D§{={C} U,}. T,
119. D] ={C{ U,}. T,
120. D§{={C{ U,}. T,
121. D§={C: U,}. I/
122. D¥={(C: U,}. I,

Holohedry.—

The space-groups D may be derived by combining groups of D%, with an
inversion. If the axes striking the XY-plane in A, A,, etc. (figure 23) are
called a and those meeting the plane in points corresponding to B are called b.
then the points of inversion are located (1) at the intersection of @ with an
axis parallel to U,, (2) midway between two such points of intersection, (3) on
an axis parallel to U,, midway between a and b or (4) half of the way between
a and b and half way between axes parallel to U,. The inversions through
these four points will be denoted by I, I, I, and I,". These four inversions
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are equivalent to inversions I, I, I,, and I, about the four points A, W,
G, and M of figure 22.

123.
124.
125.
126.
127.
128.
129.
130.
131.
132.
133.
134.
135.
138.
137.
138.
139.
140.
141.
142.

D4!I|= {D:) I}°

Ddah = {D:y Iw}'

Dl‘hg {D:: I(}

Di‘h’: {D}, Im}'

D(“h= tD:r I"

Dtoh= {Df, Iw}'

D:h= {Dzv Il,'

D4‘h= {Dzv Im"

D ={D3, I}.

D::= 'D:’ Iw, .

D}ll:" 'D:: Il}'

Dip={D}, I}.

D ={Djg, I}.

D:I‘:= {D:o Iv}-

D::={D:- Il}'

D ={D}, I.}.

Di={D;, I}.

w={D3, L.}.
aw={DY, L}.

Da={D¥. I.}. T

CUBIC SYSTEM.

Tetartohedry.—

The space-groups isomorphous with T can be obtained by combining certain
groups V™ with the operation of a three-fold rotation axis. Except in the
case of the group derived from V7, when it must be AA’, the position of this
three-fold axis can be that of any diagonal of figure 22. This rotation of

angle 5 will be represented by A.
143. T'={V, A}. T,
14. T*={V,A}. T,
145. T*={V% A}. T.,”
146. T¢={V4$, A}. T,
147. T*={V, A}. TI.)”
Paramorphic hemihedry.—

Since the point-group T, can be derived from the point-group T by com-
bining it with an inversion (as well as with the operation of a horizontal plane
of symmetry), the groups isomorphous with T® can be obtained from the
groups T™ by combining them with an inversion. This center of symmetry
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lies either at a corner of the cube of figure 22 (A) or at M. These two inver-
sions will be called I and I, respectively.

148. Ti={T,I}.
149. T={T, L.}.
150. T3={T%, I}.
151. Ti={T! I.}.
152. TS={Ts, I}.
153. TS={T¢ I}.
154. TI={Ts I}.

Hemimorphic hemihedry.—

T,

T

r,/
T,
r,”
Ty
r,”

The groups isomorphous with T¢ can be derived by combining groups T
with a gliding reflection in a diagonal plane. This plane can be taken as

WMGA of figure 22.

n

A,
L~ ﬁ) /) /
A] rt'
/ = i
§e g
) Ay
Az
Fia. 24. Fra. 25
155. Ta={T?, S,4}. T,
156. T3={T?, S4}. r.’
157. T3={T? S4}. r,”
158. Ta={T!, Sq()}. T,
159. Ti={T?, Sy(r)}. T,
160. Ta={T* 84(r)}. T.”
Enantiomorphic hemihedry.—

The groups O™ result from combining groups T™ with the operation of a
two-fold rotation axis. This axis may be taken parallel to UK of figure 22.
If it passes through the point M of figure 22 the rotation will be denoted by
Unm, (2) if it has a parallel position through the point A by U, (3) if it lies in the
line bisecting AM (see figure 24) by U,, or (4) if it bisects MA’ by U,.
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161. O'={T,U}. T,
162. 0*={T, Up}. T,
163. O*={T, U}. T,/
164. O'={T, Up}. T,
165. O*={T U}. T,”
166. 0'={TY, U;}. T,
167. O'={TY, Us}. T,
168. O*={TS,U}. T,”

Holohedry.—

Since the point-group O" results from O by the operation of a center of
symmetry, as well as of a horizontal reflecting plane, the groups Of iso-
morphous with O can be obtained by combining groups O™ with an inversion.
These centers may be at A, A’, M or M’ of figure 25; the corresponding inver-
sions will be called I, I’, Im, Im’.

169. Oi={O,I}. T
170. Of={O,I,}. T
171. O}={0, I} T
172. O§={0%, I.}. I,
173. Of={0O* I}. T,
174. Of={0%, I}. 1,
175. Ol={0% I.}. T,
176. O3={04 I.}. T,
177. 0)={0%1}. Tr,”
178. O¥={0%, I}. T,”

HEXAGONAL SYSTEM.

RHOMBOHEDRAL DIVISION.
Tetartohedry.—

The space-groups isomorphous with C; can be obtained by combining
the lattices I', and Iy, with a three-fold screw axis. The translation com-
ponent of this screw-motion is to be taken along the Z-axis.

179. c:={A(2—3'), r.}. T,
180. C: = {A(%:, 23'7'), I‘h}. P‘
181. C: = {A(z'gr, %ﬁ), I',,}. I‘II

2
182. c:={A(§>, r,..} Ta.
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Paramorphic hemihedry.—

The two space-groups C3} can be obtained by combining groups Cg' with
an inversion (I).

183. C;,={C;, I}. Iy
184. Cji={Cj I}. Tn

Hemimorphic hemihedry.—

The vertical reflecting plane will contain the vertical (Z) axis and either
(1) the X-axis—of the point and isomorphous space-group—(AA’ of figure
26), or (2) a line (AB of figure 26) which lies in the X'Y-plane and makes an
angle of 60° with the X-axis. In the first case the reflection will be desig-
nated S,, in the second S,.

A

.14‘ -
,\k
>

185. Ctlv = {C;’ S, } . Ty
186. Cl’v = {C;; 8,}. Ty
187. Cy,={Cs, 8,(r,)}. T
188. Cl‘v = {C:, Su(r,)}. Ty

b ¢

189. Cj, ={C;3, S,}. T
190. C& = {C:; 8,(7s) }- Ten
Enantiomorphic hemihedry.—

The space-groups D5 result from operating upon groups C3' with a two-
fold axis which has the position either of AA’ of figure 26, (U,), or of AB,
U,).

191. D;= {C;, U.}. l‘.
192. D3={C;, U,}. Iy
193. D3={C; U,}. I
194. D3={C3, U,}. I
195. D3={C;, U,}. Iy
196. D$={C;, U,}. I
197. D}={C}, U,}. Tn
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Holohedry.—

The groups D;3 are most easily obtained by combining groups of Dy with
an inversion. This point of inversion will lie either at the intersection of a
three-fold and a two-fold axis, (I), or midway between two such interseo-
tions (I").

198. Djy={D}, I}. Iy
199. Dgi={D;, I'}. T,
200. Dgy={D3, I}. I
201. Dgg={D3; I'}. Iy
202. D#={D}], I}. Tn
203. D4={D] I'}. Tn

HEXAGONAL DIVISION.
Trigonal paramorphic hemihedry.—

The single space-group isomorphous with Cj is obtained by reflecting C}
in a horizontal plane.

204. Ca‘n“ {C;» Sn} Iy
Trigonal holohedry.—

The groups Dj; arise by reflecting groups D§' in a horizontal plane which
either contains the two-fold axes, (S,), or lies midway between them, (8y).

205. Dy={Dj 8}. T
206. Dji={D;.S.}. Ty
207. Da'n'{Dg;Sn’- Ty
208. Dy ={D} 8.}. Iy

Hezagonal tetartohedry.—
The space-groups isomorphous with C,4 result from combining a six-fold
screw-axis with the hexagonal lattice.

. a=fa)n) o

210. Cg=

{ :
211. c:-{A(’:—;, %’) r.}. L,

212. c:={A( 3 X
47,
213. c:={A(", ’), n}. T,

214. C: = {A(g, Ts )y I'll}‘ Ph
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Hemimorphic hemthedry.—

The groups Cgy are obtained by combining groups Cg* with the operation
of a vertical reflecting plane which passes through either the line AA’ or the
line AB of figure 26. The reflection in the plane through AA’ will be desig-
nated as S,.

215. C¢, ={C}, 8,}. Ta
216. C"' = {C=) S.(Tl)}' rh
217. C¢&={C}, 8,}. T
218. Cg={Cs, 8,(ry)}. T

Paramorphic hemthedry,—

The space-groups isomorphous with Cg can be obtained by reflecting groups
C?% in a horizontal plane.

219. Ca={C;, Sp}. I
220. Cq={Cg,8}. Iy

Enantiomorphic hemihedry.—

The space-groups Dg' are most simply derived by combining groups Cg'
with the operation of a two-fold axis which coincides with the X-axis of coor-
dinates of the point and isomorphous space-groups (AA’ of figure 26). This
two-fold rotation will be represented by U,.

221. Di={C} U.}. T.
222. Di={C3 U,}. Ty
223. Di={C} U.}. T,
224. D:=‘C:’Ul}' Ty
225. Dg={Cs, U,}. T,
226. D:=‘{C:’UJ° Ty

Holohedry.—
The groups Dg;, result by combining groups D§* with an inversion which

lies in the six-fold axis either at its intersections with the two-fold axes (I)
or at points midway between such intersections, (I’).

227. D&={D}I}. T,
228. Dga={Ds, I'}. T
220. DA={DS I}. T,
230. D&={D§ I'}. T,




CHAPTER IIL
THE APPLICATION OF THE THEORY OF SPACE-
- GROUPS TO CRYSTALS*

UNITS OF STRUCTURE.

A space lattice has been defined} as the sum total of the points of inter-
section of any three sets of planes. These sets of planes partition the space
into units of structure, all of the same size and shape. Such a unit is
OABDEGFC of figure 18. There will thus be a unit corresponding to each
of the 14 lattices; points of the lattice will be found at each of the corners of
the unit prisms and in some cases other points of the lattice will lie in the
center of the unit or at the centers of faces (as examples, I'y’”” and I'p’"). If
the lattice is a monoclinic lattice, the unit will be some sort of a monoclinic
prism; if the lattice is cubic, the unit will be a cube, and so on.

Yy

F1e. 27. The unit cell derived from I.
edgesoft.hmumta.reofunequnllengtbsa.nd
make unequal angles with one another.

Just as a simple lattice can be divided into unit prisms by three sets of
planes parallel to the axes of coordinates, so any space grouping of points,
built upon some lattice, can be similarly divided. The fourteen units of
structure characteristic of the fourteen space lattices are shown in figures
27 to 34. The number of the points of the lattice to be associated with a
unit prism can be readily told. For instance, in the case of the simple cubic
lattice, Iy, this number is one since each of the eight points of the lattice
located at the eight corners of the cube is shared by the seven other cubes
meeting at this point and there are no other lattice points contained in or touch-
ing the unit. For the same reason the unit cube of a space grouping having
this lattice fundamental to it will have a single group of equivalent points
(the n points about a single point of the lattice) associated with it; each of the
8 corner-points of the lattice will contribute to the cube one eighth, and each
a different eighth, of the equivalent points ranged about it.

#* P. Niggli, op. cit.; Ralph W. G. Wyckoff, Am. J. Sci. 1, 127. 1921.
1 See p. 22.
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A consideration of the unit of the space-group already discussed in detail,
Cgh, will make this more clear. The unit prism, OAFCGBDE of figure 20
(see also figure 18), contains four equivalent points M, M/, M”’, and M"”, the
coordinates of which are M(xyz), M’(2rx—x, 2r,—y, 2z), M”(x, y, 2r,—z) and
M (2r.—x, 21,—Yy, 2r.—2). Since, however, the arrangement about every
point of the lattice is the same as that about every other, it follows that
corresponding points of the groups about neighboring points of the lattice
are entirely similar. It is, then, so far as the expression of the relative posi-
tions of equivalent points is concerned, permissible to consider 27, —x= —x,
—y=2ry~y, and —z=2r,—2.* The coordinates of the four equivalent
positions of the unit of structure of the space-group Cj) are thus:

Xyz; —X, =Y,%; X, ¥, —%; —X, —Y, —%
or, as it will hereafter be written:
xyz; R§z; xyZ; X9

The number of points of the lattice to be associated with the units of each
of the other lattices can be similarly obtained and from this the coordinates
which can be taken as typical of the posi-
tions of equivalent points within the unit
z of any space-group can be written down.
The treatment of a slightly more com-
plicated space-group will outline the
necessary procedure. For this purpose
we will take the space-group Cj}, obtained
o by placing the point-group C; at the
points of the second monoclinic lattice
. I',. (figure 29). The unit prism of this
lattice proves to be a monoclinic prism
Fia. :::;llf gx': OYI:YZY&(!;% Z‘{) i: with additional points of the lattice at the

e © ul 1 1
nonOX o, thP}s s the unit of OEI.IfBl‘B of two o.f its faces. The eight

Ia; if the three edges are mu- POt of the lattice that are located at

tuslly perpendicular and (1) the corners of the prism serve, as with

OX #0Y YZ, the unit corre- the space-group Cy, to place within it the

?Onds to I‘o:is (2t)oifl‘0(x)-0Y (?;)lef equivalent points of one group (in this

1¢_correspon wa) or instance, by definition, a point-group).

OX =OY =YZ the unit ia that of I'. (¢ 1] of the pointsabouteach of the two
points of the lattice at the diagonals of faces (and opposite halves) lie within the
unit prism so that these two points of the lattice together contrive to place within
the unit a second group of equivalent points. If O of figure 29 is taken as

* This simplification is geometrically justified (1) since the unit prism that has been chosen
has no particular physical significance but serves rather as a unit that is conveniently visualized
and (2) because the coordinates adopted actually define a group of equivalent points which re-
peated along and parallel to the axes of coordinates will build up the entire assemblage. It is,
moreover, justified analytically as an expression of the points associated with the unit prism itself (if
one prefers to think of this unit) because as applied to the study of the structure of crystals, these
coordinates define the interference effects to be expected from atoms placed at these positions;
this definition involves sine and cosine terms within which 2ry, 2ry, and 274 in 2rg—x, ete., dis-
appear.
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the origin, the centers of the second group of equivalent points will be for the
half of the equivalent points at P(0, y, 7,) and for the other half at the oppo-
site point P’(2r,, 7y, 7s). Keeping in mind the analogous case of Cs}, (figure
20) the actual coordinates of the equivalent points within this unit are:*
Xyz ; 2rx—X,2r;—y,Z2 ; X,Y,2r,—2z ; 27r:—X,27,-Y,
2r,—12;
X, Y47y, 2+7s; 27x—X, 75—y, 2+7s; X, y+7y, Ta—2; 27x—X, Ty—Y,
Ts—2.
Just as was done for the space-group Cgh these coordinates can be reduced to:
Xyz y Xyz ) XyZ ; Xyz H
X, Y+Ty, Z+1‘.; X, Ty—Y, z+‘rl; X, Y+T!, Ts— %, X, Ty—Y, Ts— %
It will be observed that this process is equivalent to placing a group of equiva-
lent points (in this case a point-group) at the origin and at one other point
0, 7y, 74).

. ,/
\
>< )

/
L 2

Fic. 29. If YZ_L plane YOX and ZY>
YO 70X and (1) if £YOX #90°, Fia. 30. This unit is a rectangular
the unit corresponds to I'w’, (2) if parallelopiped; if YZ YO =0X
£LYOX =90°, it corresponds to it corresponds to T.’(a), if ZY
Ty’ (b). #YO=0X to I'\(b).

The positions of the equivalent points within a unit for each of the space-
groups can be expressed in the same way as the coordinates of the character-
istic groups of equivalent points placed at typical points of the lattice.t The
typical point or points of the lattice corresponding to a particular unit are in
all cases the origin, as well as sometimes the center of the unit or, as in this
latter instance, Cgh, the center of a side or the centers of several sides. The
extension of this same line of thought to the rest of the 14 lattices will show the
number of groups of equivalent points to be associated with the unit. Thus
the coordinates of typical points of the lattice which serve as centers of these
groups are those of Table 2.

* This is true if = is less than rx, ¥ than ry and 2 than r,. A slight and obvious modification
which would yield final and reduced values the same as these, would define the points within this
unit prism if one or all of z, ¥ and £ exceed rx, ry O 5.

1 The general case of each space-group (Chapter IV) in which there are three variable para-
meters is obtained by placing the characteristio group of equivalent points at the typical points
of the underlying lattice.



42 THE 14 UNITS OF STRUCTURE.

TaABLE 2.
Number of
Lattice. associated Coordinates of
. lattice poinds. typical points.
TRICLINIC SYSTEM.
1. T 1 0 (000). Fig. 27.
MoNocLINIC SYSTEM.
2. TI'n 1 0O (000). Fig. 28.
3. T 2 0 (000); P (0, 7y, 74). Fig. 29.
ORTHORHOMBIC SYSTEM.
4. T, 1 O (c00). Fig. 28.
5a. T (a) 2 O (00C); P, (1, 7y, 0). Fig. 30.
b. T (b) 2 O (CCC); P (0, 7y, 74). Fig. 29.
6. I, 4 O (CCC); P (0, 7y, 74);
Py (72,75, 0); Py (14,0, 7). Fig. 31.
7. T 2 O (CCO); Ps (7x, Ty, Ts). Fig. 32.
TETRAGONAL SYSTEM.
8a. TI'y (a) 1 0 (000). Fig. 28.
b. T (b) 2 0O (CCO); Py (1x, 7y, 0). Fig. 30.
9a. T (a) 4 0O (0C0); P (0, 7y, 75);
Py (7x, 7y, 0); P2 (74,0, 7,). Fig. 31.
b. T (b) 2 O (000); P; (rx, Ty, 73)- Fig. 32.
Cusic SYSTEM.
10. T, 1 0O (000). Fig. 28.
11. 1. 4 0 (000); P (0, 7y, 73);
Py (7x, Ty, 0); Ps (74, 0, 7,). Fig. 31.
12. T, 2 0 (C00); Ps (7x, Ty, T)- Fig. 32.
HEXAGONAL SYSTEM.* -
13. Thn 1 0 (000). Fig. 33.

14. T, 1 0 (000). Fig. 34.

SPACE-GROUPS AND CRYSTALS.

Every crystal, considered as a regular arrangement of atoms in space,
must possess the symmetry of some one of the 230 space-groups. The theory
of space-groups, then, supplies & method with the aid of which it should be
possible to represent all of the ways in which the atoms of a crystal can be
arranged in space. If an atom of a crystal occupies such a position that it
corresponds with the coordinate position xyz of an equivalent point of the
space-group having the symmetry of the crystal, then symmetry demands that
exactly similar atoms shall be found at positions corresponding to those of

* The unit cell for I'y can also be taken as a base-centered rhombic prism, the lengths of whose
sides stand in the ratio of _
a:b:o —‘\/3 t1:c.
Niggli (op. cit.) has worked out upon this basis the analytical expression for all of the groups
having Iy as the fundamental lattice. Such a unit is useful when it is desired to compare an
hexagonal crystal with one exhibiting rhombic, tetragonal or cubic symmetry.
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each of the other equivalent points of the space-group. Most crystals are
built of atoms of more than one sort. As a consequence if we find the atoms
of kind A occupying the positions of equivalent point xyz and the other points
equivalent to it, the atoms of B will be found at some other positions developed
from x’y’ z’, and so on.

The atoms of a crystal may thus be thought of as occupying the positions
of a sort of composite space-group developed by superimposing several sets
of equivalent positions upon the same set of axes (and other elements of sym-
metry). The atoms of a crystal, as a result, must be arranged in groups with
centers at the points of one of the space lattices. Such a group of atoms has

//
i /,
S | < 7
\\\
/ /
| oy

Fie. 31. A rectangular parallelopiped. If Fia. 32. A rectangular parallelopiped. If
YZ#YO O0X it corresponds to I.”, if YZ#YO00X it corresponds to I.”,
YZ#Y0O=0X to I'/(a), or if YZ=YO if YZ#Y0=0X to I'/(b), or if YZ=
=0X to Iy YO =0X to I',”.

been called a crystal molecule. In this sense the crystal molecule is a purely
geometrical conception and except under special conditions would not be
thought of as possessing any physical significance.

It is possible, of course, to think of a crystal as divided, in the same way
that a space-group can be divided, into a large number of unit prisms by sets
of planes passing parallel to the three planes each of which contains two of
the axes of coordinates. Measurements of the X-ray spectrum from the face
of a crystal together with a knowledge of the density of the crystal can be
made to yield the number of chemical molecules that are to be associated
with this unit of structure.* If a compound were of the type AB, where A
is one kind of atom and B another, and if the atoms of A occupy the most
general equivalent positions one of which is xyz, then there will be as many
chemical molecules of AB associated with the unit prism as there are equiva-

* The factor actually determined is n3/m, where n is the “‘order” of the reflection spectrum

and m is the number of chemical molecules associated with the unit prism. The value of n cannot,
howaever, in general be determined 8o that m may usually have one of two or perhaps three values:




44 SPECIAL CASES OF SPACE-GROUPS.

lent points in the unit. This number may under certain conditions be rela-
tivcly great. For instance, in the case of the space-groups having the sym-
metry of the holohedry of the cubic system, the number of equivalent points of
the point-group O, and of the other groups of points associated with a
single point of the lattice, is 48. If then the fundamental lattice of a holo-
hedral cubic space-group is the simple cubic lattice I'; and the compound
crystallizes with this symmetry (as sodium chloride does, for instance), 48
(if all of the A atoms are alike and all of the B atoms are also alike, and
more if they are not alike) chemical molecules of AB must be placed within
the unit cell; if the lattice were, on the other hand, the face-centered lattice
I", with four points of the lattice associated with the unit, this number of
molecules of AB must be at least 192.

N
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————- _ i \ // N
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Fi1a. 34. If ZO 4. plane YOX and

Fia. 33. If the three edges meeting at O £YOX =120°, a rhombic prism
are of equal legths and make equal. two of the sides of whose base
angles with one another, this unit cor- are XO and OY and of height
responds to I OZ serves as the unit for I'x.

SPECIAL CASES.

If, however, the values of x, y and £ which express the positions of the atoms
of A and B are such that the atoms lie upon some element of symmetry, two
or more of the equivalent positions coincide and this number of molecules to
be placed within the unit cell will be reduced. For instance if a point were to
lie upon a plane of symmetry, it would of course be identical with its mirror
image; or if it stood in a three-fold or four-fold axis of symmetry, three or
four of the equivalent points would occupy the same position. In the space-
group C3, (figure 20) if z is equal to 7,, that is, to one half of the height of
the unit prism, then the four equivalent points of the unit would occupy two
positions (M coincides with M’ and M’ with M"”) or if x is equal to 74, and y
to Ty, the four points will have two equivalent positions (M will coincide
with M’ and M” with M’”’). If x=y=3=0 then the four points will all unite
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at the origin and there will be but one equivalent position within the unit;
the same is true if x=7,, y=7, and z=7,.

The results of all of the X-ray experimentation which has thus far been
carried out seem to point to the fact that this number of chemical molecules
to be contained within a unit cell is in all probabiity very much less than the
number of most generally placed equivalent positions. As a consequence the
determination of these special cases of the space-groups becomes of the utmost
importance to the person interested in the structure of crystals.

A discussion of calcite, which has already been treated in detail by this
procedure,* will serve to indicate the need for these special cases of the space-
groups. The X-ray measurements show that almost certainly two chemical
molecules of calcium carbonate are to be associated with a unit rhombohedron.
Calcite crystallizes with a symmetry which is that of the point-group Dj.
Two space-groups isomorphous with D$, namely Dg; and DS, have Iy, as
the fundamental lattice. Since two chemical molecules of calcium carbonate
are to be associated with the unit rhombohedron, two calcium atoms, two
carbon atoms and six oxygen atoms must be placed within it. These two
calcium atoms may conceivably be alike or they may be different one from the
other; the same is true for the two carbon atoms; and the oxygen atoms may
be for instance (1) all alike, (2) all different, (3) four alike and two different,
(4) two sets of three like atoms or (5) three sets of two like atoms. Copying
from page 157 it is seen that all of the potential atomic positions consistent
with the space groups Dy and Dy, are
Space-Grour Djy:

One equivalent position:
(a) 000. (b) 334
Two equivalent positions:
(¢c) uuu; GG
Three equivalent positions:
(d) 004%; 030; %00. () 04%; 340; 404
Siz equivalent positions:
(f) ud0; WOu; Oud; Qu0l; uldd; Odu
(8) uig; Gdu; 4ud; dui; uin; $du
(h) uuv; uvu; vuu; 4d¥v; ava; vad.
Twelve equivalent positions:
() xys; yzx; =zxy; J§X&; X3§; Zyx;
Xyz; §yix; ZXy;, yxz; Xzy; Zyx.
Space-Grour Dgy:
Two equivalent positions:

(a) 000; %443 M) i1 it
Four equivalent positions:

() uuu; 00d; 3—vu, 3—vu, $—u; u+i, uti, utid.
¢ Ralph W. G. Wyckoff, Am. J. 8ci. 60, 317. 1920.
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Siz equivalent positions:
d) $%32; #3314 1% 3% 11h it%
() ut0; 940u; Oud; 3—u, uts, §; uti, 4, i—vu;

;; %_ur u+}'
Twelve equivalent positions:
() xyz; yz; zxy; X%, x2§; ZyX;

1-x, 34—y, -2 4-y, 4-z i—x %-z }—x }-y;

y+3, x+3, z+3; x+4, z+4, y+i; 2+, v+, x4+
The attempt to write down on the basis of these coordinate positions the
different arrangements of the atomsin calcite that are possible in the light of
its symmetry immediately eliminates many of the possibilities just discussed.
For instance it is clear that in neither case are there enough special cases of
one equivalent position so that the two calcium atoms can be different and
the two carbon atoms also different. The same fact shows that possibility
(2) for the arrangement of the oxygen atoms may also be omitted from con-
sideration; it can be similarly shown that there are in neither space-group
sufficient special cases 80 that four of the oxygen atoms can be alike and two
different. All of the possible ways for the atoms of calcite to be arranged
can then be written as:*

Arrangements arising frcm L yy:

(a) Ca=uuu; tGdd.
C=uyywu; 1 0.
O=u, i %) 0; 4.0 Us, 0ug Uz; TGaug 0; u 0 ﬁz; 0, Ug.
(b) Ca and C as in (a).
O=usfisd; TGedus; $usle; Tousd; usdle; 4 Tsuy
(¢) Ca ard C as in (a).
O=ususv; UgVUy; VUsUy; U, 0,7; TGV 0y ¥ a0
(d) Ca and C as in (a).
' O=uzusuy; G020 uzu; us; QUsUzlds. ususug; 0,004
(e) Ca and C as in (a).
0=004%4; 040; 400. 0%4%; 3%0; 304
Arrangements arising from T g4:
(f) Ca=%111; 321 or 000; 311
C=000; 3344 or }1}; tii
o=}l 314 414 13 11 11t
(g) Ca and C as in (f).
O=ut0; 40vu; Out; 3-u, uti, §; uti, 4, $—y;
}, ;—u’ u+§'

In this same manner all of the ways of arranging the atoms in any erystal
can be written down from a knowledge of the number of molecules to be
associated with the unit cell (as furnished by the X-ray spectrum measure-
ments) and from a consideration of the special cases of the different space-
groups possessing the symmetry of the crystal.

* These arrangements, giving as we have seen the positions of the atoms within a unit oell

which by simple translations along the axes of 1eference will locate all of the atoms in the c.ystal
are in a form which is immediately usable for testing them by fuither X-ray measu.ements.




CHAPTER IV.
THE COMPLETE ANALYTICAL EXPRESSION OF

THE SPACE-GROUPS.

Niggli has already recorded many of the simpler cases for the various space-
groups. For some time the present writer has been engaged in working out
analytically all of the special cases of the space-groups. The tables which
follow are the results of these computations. They purport to give the coordi-
nates of the most generally placed equivalent points and all of the special
cases of these equivalent points contained within the unit of structure of each
of the 230 space-groups.

The analytical determination of the special cases can be quite simply
carried out by equating the coordinates of one point xyz with those of each of
the other equivalent positions within the unit cell. This will yield a series
of special cases (if any exist) which can be further specialized by applying this
same process to the coordinates of these special positions. The continued
use of this procedure will eventually yield all of the special cases for a space-
group.* By way of illustration the special cases of the space-group Cgh
(page 49) will be deduced. The positions of the most generally placed
equivalent points in the unit cell of this space-group are

xyz; Xysz; XyZ; X¥i.
Equivalent point xyz will have the same position as equivalent point %yz
when
(1) x=%, y=9¥, z=z; that is, when x=0 or 4 (Xa), y=0 or 3 (Xb) and
z=w(Xc) where w is any fractional part of c. The lengths a, b, ¢
are unit lengths along the X-, Y- and Z-axes.

It will have the same position as the point xyZ when

(2) x=x, y=y, z=2Z; that is, when x=u(Xa), y=v(Xb), z=0 or
4#(Xc); u and v are any fractional parts of a and b, respectively.

The points xyz and %§Z will coincide in position when

(3) x=%, y=¥, z=%; that is, when x=0 or }(Xa), y=0 or }(Xb),
z=0 or (Xc).

The special cases of this space-group then arise from using these values
for x, y and z. They are

From (1): .
(a) when x=0, y=0, and g=w;} then 00w; 00 .

* The algebra of this process differs in certain details from the more ordinary kind. For in-
stance there arises from our previous definitions the fact that Qme]=2== <+ - - . Further-
more x=X=0or 4, and x = } — x = } or 4, and more generally x=1/n—x-mn2: l, where n=1,
2' 3. ----- .

{In this example and in all of the tables which follow only the fractional parts of the unit
lengths along the different coordinate axes will be stated. If for any reason absolute distances
of points are desired, it is of course necessary to multiply the coordinate values given in these
tables by the proper values of a, b and c.

47
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(b) when x=0, y=4, z=w; then Odw; 0% w.

(¢) when x=4, y=0, z=w; then 30w; 30w.

(d) when x=%, y=4%, z=w; then %%iw; 34w

From (2):
(e) when x=u, y=v, z=0; then uv0; 04vO0.
(f) when x=u, y=v, z=%; then uv$; v
From (3):

(g) when x=y=2z=0; then 000.

(h) when x=4, y=2z=0; then 400.

(i) when x=z=0, y=4%; then 0%0.

() when x=y=0, z=4%; then 003%.

(k) when x=0, y and z=4%; ther 04 4.

() when x and z=4, y=0; then %04.

(m) when x and y=4, 2=0; then 4 40.

(n) when x, y and z=4%; then %4 4.
We must now specialize by the same procedure each of the special cases
(a) to (f). Inspection, however, shows that in the present instance this will
lead to no new special positions. All of the special cases of the space-group
C;h are then defined by (a) to (n).

The other space-groups can all be specialized in the same fashion. These

special positions for each space-group are given in the tables which follow.

TRICLINIC SYSTEM.
A. HEMIHEDRY.

Space-Group C}. o
One equivalent position:
(a) xyz.
B. HOLOHEDRY.
Space-Group Ci. :
One equivalent position:
(a) 000. (e) 430
(b) 004. @ 304
(c) 0%0. (®) 044
(d) 400. () 334
Two equivalent positions:
(i) xyz; xyz.
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MONOCLINIC SYSTEM.

A. HEMIHEDRY.
Space-Grour Cj.

One equivalent position:

(a) uvO. (b) uvi. \
Two equivalent positions:
(c) xyz; xyZ.
Space-Group C3.

Two equivalent positions:
(8) xyz; x+%,v, %
SpAacE-GRroOfP
Two equivalent positions:
(@) uv0; uv+ti, i
Four equivalent positions:
(b) xyz; xyZ; X, y+4, 2t} x y+ 4 A
Seace-Group C;.
Four equivalent positions:
(a) xyz; x+34,¥,2; xy+4z+4; x+hy+h i
B. HEMIMORPHY.
Seace-Group Cj.
One equivalent position:
(a) 00 u. (b) 40u. (c) 0%u. d) 43u
Two equivalent positions:
(e) xyz; Xxyz.
Seace-Grour C3.
Two equivalent positions:
(8) xyz; % §,2+%
Seace-Grour C3.
Two equivalent positions:
(a) 00u; 0,3, u+s. (b) 40u; % 4, utd
Four equivalent positions:
(c) Xyz, iyz; X, Y+i; Z+*; ii i"y; z+*'

C. HOLOHEDRY.

Space-Group Cyh.
One equivalent position:
(a) 000. (e) 044
() 004. M 203
(c) 400. (®) 440.
(d) o}o. M) 343
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SpPacE-GROUP C, (continued).

Two equivalent positions:
(i) 00u; 0O0. M 343u; 334q.
G) O%u; O%a. (m)uv0; a¢O0.
(k) 40u; 204 (m)uvi; avi

Four equivalent positions:
(o) xyz; %yz; xyZ; X§z.

Space-Grour Cyl.
Two equivalent positions:

(a) 00%; 00%. ORTEHEEE X 2
(b)0%i; 034 () uvo; avi
(c) 40%; %04
Four equivalent positions:
(f) Xyz, x: Yr Z+*; xyi; i) S', i_z'
These coordinate positions can be simplified by transferring the origin to

the point (12’) of this first set. They then become:

Two equivalent positions:
(a) 000; 00%. d) $30; %34
() 040; 044 (e) uvi; avi
(c) 400; %04%.
Four equivalent positions:
® xyz; %, §, z+%; x y, $—z; ¥z
Space-Group Cj}.
Two equivalent positions:
(2) 000; 0%4%. (c) $00; %44
(b)00%; 0%o0. (d) $40; 404
Four equivalent positions:
(e)0%1; 0%%; 034 0%
M 4td; 3L 41% 43t
() 00u; 001; O, 4, ut+d; O, 4, 4—u.
(h) iou; iou; *’ *1 u+§'; i’ ;'v *—u'
@ uv0; av0; u, v+4 4; 0, 3-v, &
Eight equivalent positions:
() xyz; %¥2; x, y+i, z+4; %, 4—y, z+4;
WQ; Xyi; x; *_y; *_z; X, Y'H‘, }_L
Space-Grour Cy.
Two equivalent positions:
(a) $00; {00. @) t30; %%o0.
®) 133 1445 () 00u; %04a.
(c) $0%; 30%. () $4vu; O%a.
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SpAce-Group Cg, (continued).
Four equivalent positions:

(® xyz; *9z; x+%, v, % 4-x§, 2
These coordinate positions can be simplified by transferring the origin to
the point ( 2) of this first set. They then become:

Two equivalent positions:
(a) 000; 300. (d)030; 3430.
(b)0%3; 343 (e) 10u; {041
(c) 00%; 304 M $3u; t30.
Four equivalent positions:

(g) Xyz, *—x) Y7 Z, X+;, Y, E; iyi'
Space-Group Cg,.

Two equivalent positions:
(a) 10%; 0% () 10%; 10%.
®) 111 131 @131 11t
Four equivalent positions:

(e) xyz; %, ¥, z+3%; x+3}, y, %; }—X, v, *—Z.
These coordinate positions can be simplified by transferring the origin to

the point ( 2‘ 2') of this first set. They then become:
Two equivalent positions:
(a) 000; 304%. (c) 00%; 300;
(b)030; 334 do13; 330

Four equivalent positions:
(e) xyz; %—x, §, z+%; x+%, v, —3; %92
Space-Grour Cg.
Four equivalent positions:

(a) $00; 300; 14%; 134
(b) 20%; 304; 130; %%o0.
(© 14%; 311 1314 11
d) 321 114 134 1t:
(¢) 00u; 301; O, 4, ut+i; % 4, 4—u

Eight equivalent positions:
() xyz; %¥z; x+}, v, % %-x 9, %;
x, y+4, z+4; %, 3-y, z+4; x+4, y+i, 4z
}_xy i'—y’ '}—
A change of origin to the point (2) of this set of coordinates would simplify

(a) and (b).
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ORTHORHOMBIC SYSTEM.

A. HEMIMORPHY.
8pace-Grour C,.

One equivalent position:
(a) 00u. (c) 40u.
() 0} u. d) 33vu.
Two equivalent positions:
() uOv; @Ov. (® Ouv; Odv.
) ugv;, dsv. () duv; 3dv.
Four equivalent positions:

(i) xyz; xyz; x¥z; Xyz.
Space-Grour Cg,.
Two equivalent positions:
(a8) uoOv; 4,0, v+3. (b) uiv; 0,3 v+i.
Four equivalent positions:
(c) xyz; %, ¥, z+%; x9z; %, v, 3+}
Space-Grour Cj,.

Two equivalent positions:
(8) 00u; 0, 0, uti. (c) 40u; 4, 0, u+i.
(b) 0%u; 0, 4, uth. d $4w; % 3, utd.

Four equivalent positions:
(e) xyz; %yz; x, §, z+%; %, y, z+%.
Space-Grour C,.
Two equivalent positions:
() 00u; 40u. (b) 34u; O03u. (¢) uv; fav.
Four equivalent positions:
d) xyz; %¥z; x+4, 9, 5 d-xy, =
Space-Grour Cj,.
Four equivalent positions:
(a) xyz; %, §, 2+ x+4, §, 5 3-xy, s+
Space-Group Cg,.
Two equivalent positions:
(8) 00u; 4,0, ut+i. (®) $4u; O, % utd
Four equivalent positions:
(c) xyz; %¥z; x+4%, §, z+4; d-x, vy, =+
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Seace-Grour Cg.
Two equivalent positions:
(8) tuv; 4 0, v+i
Four equivalent positions:
(®) xyz; %, ¥, z+%; x+4, §, z+4; i-x, 5, =
A slight siraplification can be effected by transferring the origin of coordi-
nates to ;—‘ of this first set. They then become:

Two equivalent positions:
(a) Ouv; 4%, 1, v+4.
Four equivalent positions:
(®) xyz; 4-x, §, s+%; x+4, §, z+4; Rys.
Space-Grour CJ,.
Two equivalent positions:
() 00u; 43w () 40u; O%u.
Four equivalent positions:
(c) xyz; xy3; x+%, -y, 2; 4—x, y+}, =
Space-Group Cg,.
Four equivalent positions:
() xyz; %, 9, z+%; x+%, -y, 3 $—x, y+4, 2+
Space-Grour C3).
Two equivalent positions:
(&) 00u; 4,4, u+d.  (b) O%u; 4 0, uti.
Four equivalent positions:
(c) xyz; x¥z; x+4, -y, z+%; d-x, y+i, s+d
Space-Grour Cjl.
Two equivalent positions:
(8) 00u; %%u. (b) $40u; O%u.
Four equivalent positions:

(© tiu; 33u; $ivu; itu
(d) ulv; a0v; u+ts, 3, v; 3—u, %, v.
() Ouv; 0tdv; % utd, v; % 3—u, v.

E+ght equivalent positions:

® xyz; xyz; Xyz; xyz;
X+%, Y+§, z, ‘}—X, i_yy z x+}r }_y, z, *—xl Y+}7 z.
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Seace-Grour Cj).
Four equivalent positions:
(&) uOv; 0,0, v+4; utd, 3, v; 4—u, &, v+i.
Eight equivalent positions:

(b) xyz; % ¥, s+4; xys; %y, 2+4;
x+4, y+%, 5 3—-x, -y, s+%; x+4,3-y,3;

*—X, y+i’ Z+‘}.
Seace-Group CJ2.
Four equivalent positions:
(a) 00u; %3u; 0,0, u+i; 4, %, utd.
(b) O4u; $0u; O, %, ut+i; 4, 0, uti.
(© tiv; v, 3 4 utd; &1 utd
Eight equivalent positions:
(d) xyz; xyz;

x ¥ "I'}; Xy, 5+;;
x+4, y+4,2; 3—x,3-y,3; x+}, 4—-y, 2+

}—x, y+4, z+%.
Space-Grour Cjis.

Two equivalent positions:
(8) 00u; O, %, u+ti.
Four equivalent positions:
(c) uOv; a0v; u, &, v+4; 4, §, v+i.
(d) Ouv; Ouv; O, u+i, v+4; 0, —u, v+3.
() fuv; $tdv; 4, utd, vi+i; 4, 4—u, v+i.
Eight equivalent positions:
B xyz; xy3; xyz; xys;

X, y+}) ’+§; x; i—Y; ’+}; X, ;—y‘v ’+}; X, )'+§» 5+§'
Space-Grour C}Y.

(®) $3u; 3,0, uth.

Four equivalent positions:
(8) 00u; O%u; O, 0, uti;

0, 3, u+ti.
(®) $3u; 40u; 4, %, utd; 4, 0, u+td.
(©) utv; aiv; u ¢ v+d; 0, %, vii
Eight equivalent positions:
(d) xyz; %ys;

x, ¥ 2+3; %y, 3+3;
x,y+%, 2+%; X 3-y,z+%; x,4-y,2; % y+i, s
Space-Grour C}e.

Four equivalent positions:

(a) 00u; %0u; O, 3, uti; 3, 4 utd
(®) $uv; $av; % uti vy 43—y vii
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Space-Group C}® (continued).

Eight equivalent positions:

(©) xys; xyz; x+4, §, z; i-x,y,3;

x, y+4, z+%; % 3-y, z+%; x+34, 3y, z+4;
;‘—X, Y"H, 2+l-
Seace-Grour CY..

Four equivalent positions:

(8) 00u; %3%u; 4,0, ut+d; 0, 4, utid.
Eight equivalent positions:

(b) xyz; xyz; x+3%, ¥, 2+%; 3—x,5, 2+%:

x, y+4, 2+ % 3-y, s+d x+h d-y, 5 d-xy+4 =
Space-Grour Cjl.
Four equivalent positions:
(8) 00u; $%u; %, 0, ut+d; O, 4, utd
Eight equivalent positions:
®) tiu; $iu; 4 3 utd; 41 utdhs
t1v; tiuw; 4 4wt 0% utd

(¢) uov; a0v; u+t+d, 4, v; $—u, i, v;
u+4,0,v+3; 3—u,0,v+4; u 4, v+4; 0,4, v+4.
(d) Ouv; Olv; 3, uti, v; 34—y, v;
$,u,v+4; 4, 0,v+E; O, u+d, v+4; 0,4—y, v+4.
Sizieen equivalent positions:
(e) xyz; x¥z; xyz; xyz;

x+4, y+4, 2, d—x,3-y,5; x+} 34—y, 2 d—x,y+}, 35
X+}, Y, z+}; ;_xt y: Z+§; X+}, y; Z+i; i_x: Yy, Z+};
x, y+%, 2+%; %, 34—y, 2+4; x4-y,z+%; % y+3, 2+3
Seace-Grour CjP.
Eight equivalent positions:
(a) 00u; $3u; t tutd; 14 utd;
$,0,u+%; 0,4, u+d; &%, utd; i1 utd
Sizteen equivalent positions:

(b) xyz; xy3; x+%, t-y, 5+%;
$—x,y+% 2+1;

X+§, y+;7 z; }—X, ’}—Y’ Z, x+*v %"'y; Z+};
$—x,y+4% 2+1;

x+§, Y, Z+i; ;‘—X, y: Z+*; X+*, }_y) z+i;
3—-x,y+1, z2+%;

x. y+4%, z+3%; %, 4—y,z+%; x+%, iy, z+%;
i—x, y+*) 5+*.
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Srace-Grour C30.
Two equivalent positions:
(a) 00u; 4, 4, uti. () 30u; O, % u+i.
Four equivalent positions:

() uov; a0v; u+td, 4 v+i; $-u §, v+i.
(d) OUV; ouV; ;; ll+§, V+*; ;l *—u: V+}-

E1ight equivalent pogitions:
(e) xys; £ys; x¥s; xyz;
x+4, y+3, s+4; 3—x, 84—y, 24+3; x+3, 34—y, z+4;
l—x! y+}r Z+}.
Space-Grour C3l.
Four equivalent positions:
(a) 00u; 33u; 0,0 uts; 4, 4, utd.
(b) O%u; 30u; O, 4, uti; 4, 0, uti.
Eight equivalent positions:
() xys; xys; x, ¥+ %y 35+4;
X+}, Y+*7 ‘+}; }'—x; *-y) ’+i; x+*r *'—y, z,
t—-x,y+i, s

Srace-Grour Cis. |
Four equivalent positions:
(a) 00u; 30u; 4%, 3, utd; 0, %, u+i;
(®) tuv; 2av; § utd, vid; § d—-u, vid
Eight equivalent positions:
(c) xys; xys; x+4, %5 $-xy,3
x+%, y+3, z+%; $—x, -y, s+%; x 4-y,5+4;
%, y+4%, 5+3%

B. HEMIHEDRY.
Space-Grour V. :
One equivalent position:
(a) 000. (d)oos. ® 0
() §00. (e) 430 () §
(c) 0%0. @ 404
Two equivalent positions:
(i) u00; a00. (m) Ou0; 010. (@) 00u; 00a.
(G) uog; a0 (n)Ous; O0ui. (r) 30u; 304
(k) u30; aio. (o) 3u0; 3ao0. (8) O%u; O%ua.
M uid; vdd. (p)dud; 304 (t) $iu; 40
Four equivalent positions:
(w) xyz; x§%Z; %yZ; Xys.
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Space-Grour V2.
Two equivalent positions:
(a) u00; 004 (¢c) Oui; ouni.
() uii; aio. d) $ui; $0i

Four equivalent positions:
(e) xyz; x¥y%; %, y,4-3 X,¥,3+3.
Space-Grour V2,
Two equivalent positions:
(a) O0u; 431 (b) O%u; 3041.
Four equivalent positions:
(c) xyz; x+%, -y, & #—x, y+4, %, 29
Space-Grour V4.
Four equivalent positions:
() xyz; x+4%, §—y, 2; %, y+}, 3—3; $-x ¥, z+4
Space-Grour V2,
Four equivalent positions:

(a) u00; 004%; u+i4, 4, 0; 3—u, 3, 3.
(b) OU}; Oﬁ*; }: u+§) *; i: i-u: i"

Eight equivalent positions:
(¢) xys; xy2; %y, 4—3; %, 9, 2+4;
x+%, y+4, 2; x+hi-y, % d—x,y+4, 4—3;
*—X, i"}', 5+i-
Space-Grour V°.
Two equivalent positions:
(a) 000; %30 (c) 0%4%; %04.
() 300; 0%0. d) 34%; oo04%
Four equivalent positions:
(e) uoo; uoo; u+i, *’ 0; ‘}—ll, *, 0.
) utd; t3d; utd, 0,4 4—vu, 0 &
(8 Ou0; 000; %, uts, 0; 4, 84—y, 0.
(h) iu*; *ui; 07 u+§v ;‘; 01 *—u’ *'
(i) O0u; 000; #4u; 33q.
() 04u; 030; 30u; 400
(k) $tu; 130; $10; iu
Eight equivalent positions:
M xyz; xyZ; xyZ; xyz;

x+3, y+4, 2, x+43-v,%; d—-x,y+4,% 3—-x,4-y,
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Space-Grour V.

Four equivalent positions:

(a) 000;
(b) $00;
(OREET
(CYREE§

$30;
0%0;
1ts
T

304%;
004%;
it}
tih

o ho W O
e oo 0 AP

Eight equivalent positions:

(¢) u00; a00;
uii; aii;
(f) Ou0; 000;
jud; 204
() 00u; 00u;
13u; 3130;
() tiu; 3ivu;
ti0; $tq;
(@) tud; vy
tui; $ui;
G) uii; uii;
ut} 0il;

u+ti, 4, 0;
u+*» 0, *;
3, u+i, 0;
0, u+i, %;
4, 0, ut+i;
0, % u+i;
'i" *r }—u;
41 utd;
*t i—U, *;
Hutd &
;_ur 'i': *;
u+}o '!': };

Sizteen equivalent positions:

(k) xys;
x+}t Y'l'}, L
x+4, y, 5+4;
x, y+3, z+4;

Space-Grour V3.

xy2;

x+}r i—Y; 2
X+*, v, *'—z;
X, ‘}—Y; }_z;

Two equivalent positions:

(a) 000; %3%4.
() $00; 0%4.

THE ORTHORHOMBIC SPACZ-GROUP3 V'-V%.

;—ur }, 0;
§—uv 0} i'
}1 i_uv 0;
Or }_u: i
}1 0, ;—u;
0’ ;‘: i—u'
1 44—y
L1 uwtd
Hi-u &
Huth &
i-u % 4
u+t+d, 4, &

Xy%; xyz:
i A=xy+4 % d-x, -y, 1
*—X, Y, i_z; i_x’ 5, l+i;
X, Y+§, *_z; X, *_yv z+i

(c) 00%; %40
(d) 30%; o%o.

Four equivalent positions:

(e) u00;
() uoi;
(g) Ouo;
() Ou#;
(i) 00u;
() 0%vu;

10%;
010;
004%;
001;
0410;

100; .

u+d, 4, §;
u+4, 4, 0;
3, utd, §;
%, uti, 0;
3, 3, uti;
3, 0, u+ti;

Eight equivalent positions:

(k) xyz;

x+4, y+4 s+4; x+3, 34—y, 4—3;

xyz;

'}—u: ;: *'
;‘—uy *y 0.
}: *_u’ }'
}y }_ul 0.
}) }v i_u-
}; 0’ i_‘L

xyZ; xys;
;—X, Y+§, i_’;
1-x,4-y, s+4.
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Seace-Grour V°.

Four equivalent positions:
(8) u0}; 3—vu, 0, %; 0% utd 4,1
() $u0; 4 4—v, 0; 0% % utd .
(c) 0%u; 0, % 4—u; 2%0; 4, % utd

Eight equivalent positions:
(@) xyz; x¥4-2 }-xy,%5 %i-y 7z

x+*» Y+§: Z+}; x+*, ;—y» 2; x, Y'H, i-’; }-‘X, Y) z+};

C. HOLOHEDRY.
Space-Group V.

One equivalent position:
(a) 000. @) 304 (%) 0%4.
() 400. (e) 0%0. () 433
(c) 00%. M %30

Two equivalent positions:
@i u00; 000. (m)Ouo0; 010. (q@) 00u; 0O0.
(G) uo}; 003 (n) Ouj; Ous. (r)03u; 0%a.
(k) uso; aio0. (0) 4u0; 310. (s) 40u; 3041.
M uid; 0il (@) $ul; 30l ® 33u; dia0
Four equivalent positions:

(u) Ouv; 0G¥; Ouv; Odv.
(v) duv; 30¥; 4uv; $dv.
(w)ulOv; uOv; a0¢; aAO0v.
(x) udv; udv; a94v; v
(y) uv0; uv0; dav0; avO.
(z) uvi; uvd; dvi; uvd
Eight equivalent positions:
(o) xyz; x§%; Xy%Z; RFs3; %y%; Xys; x¥s; xyZ
Space-Group V3.

Two equivalent positions:
(8) 000; %443 (c) 00%; 330
() $00; 0%3. d) 30%; 0%o.
Four equivalent positions:
) $11; 3L 4L 11b
M 14 1% 3L 1%
(8) u00; 000; %-vu, 4, 4; utd, 4, 3.

(h) uo;; ﬂo*; *_u! *7 0; u+§) *) 0.
() Ou0; 01a0; 4 4-u, ¥ 4 utd, &
(G) Ou}; 0u4; 4 3-u, 0; 3 uty, 0
(k) oou; 00“; *) i) i—u; *7 }9 u+i'
M 03u; 0340; 4,0, 3—vu; 4 0, uti
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SpacE-Group V3 (continued).
Eight equivalent positions:
(m)xysz; x¥% XyE %9z
3-x, -y, §—3; }—x, y+4, s+3; x+4, iy, z+4;

X+;, Y+§, }—2.
Space-Grour V3.
Two equivalent positions:
(a) 00%; 003. (¢) 000; 004%.
®) 13k 331 (0 300 304
(9) 043 041 ® 03%; 0%0.
@ 303 0% ®) 143 iho.
Four equivalent positions:

(i) u00; 900; 003}; uoi
() uid; ai4; 040; uio.
(k) Ou0; 040; 013; Ous.
M 4ud; 3a4; 3a0; 3uo.
(m)00u; 00d; 0,0, 3—u; 0, 0, u+4.
() $3vu; 330; 4, 4 3—u; & % utd
(0) O%u; 0%10; O, 4, 3—u; O, %, utid.
(p) 40u; %01; 4,0, 4—u; %, 0, utd
(@uvi; uvy; avi; avi
Eight equivalent positions:

@ xysz; x§z; Xy%; Xy 3;
X y) i_z; %, Y, ’+*; X, y; Z+}; XY *-5.

Space-Group V3.

Two equivalent positions:
(a) 000; %3}0. (c) 033%; 304
(b) $00; 0%0. d %%4; o0
Four equivalent positions:

(e) $40; t%0; 2i0; %10

M t14; 11%; 1t%; 1%

(E) 1100; uoo; *—u’ *r 0; u+*; *’ 0. -
(h) utd; 0i4; 3—vu, 0, 4; u+d, 0, 4.

@ Ouo0; 0a0; 4, 4—u, 0; 4, u+iy, 0.

(j) 511}; ;’u}; 0) }"’u’ i; 0) u+§) *‘

(k) 00u; 00d; 4%4d; 34u

(M O%u; 0%1; 40a; 30u

Eight equivalent positions:

(m) xy 3; x¥i; . XYyE; x9s;
$-x, 34—y, & 4-x y+i, 5; x+4, -y, 3; x+4,y+4, 8



THE ORTHORHOMBIC SPACE-GROUPS Vi—VI. 61

Space-Grour V3.
Two equivalent positions:
(a) 000; 00%. d) 344 230
(b) $00; 404. (e) Oui; on4i
(c) 0%%; O0%o0. (® 3ui; $ui
Four equivalent positions:

(2 u00; 000; 10%; uo4.
() utd; a4d; 040; uio.
(i) Ouv; 01¥; O, u, 3—v; O, 0, v+4.
() duv; 309; %, u d-v; 4 9, v+i
(k) uvi; uvi;, avi; avi
Eight equivalent positions:
M xysz; x§% %,y 4—3; % ¥, 3+4.
Xy%Z; xysz x §, 2+ x5, 3=
Space-Group V3.
Four equivalent positions:
(a) $30; 1%0; 3%14; $id
(b) 114 144 110; 10
() u00; 004; %—u, 4 0; utd, 4, %
(d) Oui; 0ug; 4 4—u §; & utd
E1ight equivalent positions:
(e) Xyz, xyz; x5y i—z; X ¥ Z-I-};
%—X, }—y, i; }—x) Y+§, 2, x+§) i_y’ z+};
x+4, y+4, 3-s.
A slight simplification of the two uniquely defined positions [(a) and (b)]
can be effected if the origin of coordinates is changed to the point (sz’ -12-' ) of
this first set.
Space-Group Vi.

Two equivalent positions:

(a) 100; 30%. (c) 1% %130
(b) §00; 104 (d 234 tio.
Four equivalent positions:

(€) u00; u04; 4—vu, 0, 0; u+iy, 0,' 3.
(f) uid; 040; 3—u, 3, 4; utg, 4, 0.
(g) Oui; O0ai; 403 3ui.
(h) }UV; }QV; '}r u, i—v; *r uy V+;.
Eight equivalent positions:
(i) xys; xy%; %y 4—3; % 9, z+3;
$4-x, 9, % 3-xy 2 x+3}, 9, 5+4; x+4, y, §—a.
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Space-Grour V] (continued).

By shifting the origin of coordinates to the point (52) of this firat set, these
positions become:

Two equivalent positions:
(2) 000; 304. (c) 044; 340
(b) $00; 00%. d 3% 0o
Four equivalent positions:

() u00; 400; 3—u, 0, 4; u+i, 0, 3.
(f) uii; 14%; 4—u, 4, 0. utd, 4,0
() tui; t0f; $0f; fuid
(h) Ouv; 049; %, u 3-v; %, 0, v+i
Eight equivalent positions:
() xyz; x¥%; 4—x, v, 4—32; 3—x §, z+%;
XS'!; Ryz; X+}, Y) 8+}; x+*a Yy, i_L
Space-Grour V3.
Four equivalent positions:

(a) 030; 0%40; 0%%; 0%
(b) $34; 333 2i0; 310
(¢) u00; 904%; 0340; uis
(d) Ou}; Oﬂi; 0} }'—u’ i’; 0: u+*) }'
) $4ul; 30%; 3, 4-u % 4 utd kb
Eight equivalent positions:
) xys; xy2; LY, d-5 %9 s+
% 1=y, % % yt+h 5 x d-y, 2+d; x y+h 3o
The unique cases can be simplified by transferring the origin to the point ('2')
Space-Grour V3.

Two equivalent positions:
(a) 000; 330. (¢) 030; 300.
(®)00%; 344 (d)oki; 404
Fawr equivalent positions:

(¢) 00u; 00d; %#%4a; 23w
(f) 04u; 040; 3040; 40u
(g uv0; av0; u+d, 4—v, 0; 3—u, v+4, 0.
(b)uvi; avd; utd, 4—v, §; $—u v+, &
Eight equivalent positions:
() xyz; x+4%, 3-y, % 3—x, y+3, 2; 293;
Ryi; *_x’ Y'H: z, X+*. *—y’ Z; in'
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Space-Groue VY.
Four equivalent positions:
(@) t4%; 314 331L 13t
b) 3t 11 i} 1i%
() 00u; %4a; 4, 4 4—vu; 0,0, utd
(d) O%u; 4010; 4,0, 4—u; O, 4, utid.

Eight equivalent positions:
(e) xyz; x+4, -y, Z; $—x,y+4, 2; x§3;
$—x,3-y, *—'z: %, y, 2+3%; x, ¥, z+%;  3-x 34—y, zt+d

s, Ty, T

By shifting the origin to (2 2 §') the uniquely placed arrangements can
be slightly simplified.

Space-Grour V3.
Four equivalent positions:
(8) 020; 410; 340; 0%0.
(b)0i3; 314 314 043
(¢) OOu; %#34; 04a; 30u.
(d) 3uv; $av; 4 3-u ¥ § utd V.
Eight equivalent positions:
(e) xyz; x+%, 4-y, % i-x, y+}, & 95
i, i—Yr ﬁ; i-x) Y, z; X+}, y: z, X, y+}) z.
The unique cases can be simplified by placing the origin at the point (g)

Space-Group Vy.
Two equivalent positions:
(a) 00%; 331 (c) 04%; 30%.
(b) 00%; %3%. (do0%%; 0%
Four equivalent positions:

(e) 00u; %%410; 4, % ut+d; 0,0 34—

(f) 04u; 404; 3,0, uts; O 4 3—u

(g uvi; avd; utd i-v, §; 4—vu v+i &
Eight equivalent positions:

(b) xyz; x+4 -y, 8 d-x,y+4, 2, 293;
% ¥ *—'z; i_x: Y+§) Z+i; x+ir i—y’ z+;; XY }—2.

The unique cases can be simplified by changing the origin to(%')
Space-Group V.

Two equivalent positions:
(a) O0u; %3q. () 03u; 301
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Space-Grour V¥ (continued).
Four equivalent positions:
() $10; $10; 110; %10
OFSEHESSHEIIHESEE
(e) Ouv; 01 v, *) $—u, ¥; }, u+i’ v.
(f) uov; ﬂOv; *—u; *; v; u+” }) v.
Eight equivalent positions:
@ xyz; x+h k-, 5 d-x, v+, 5 %9
*—X, i_y’ zZ; Xyz; sz; X+}, }"l‘i, 2.
The unique cases can be simplified by changing the origin to (T§" ;")
Space-Group V%
Four equivalent positions:

() 0% 131 141 fo0i
() 30%; 14%; 11 to0i
(c) 00u; #30; 4,0, 3—u; O, § utd
Eight equivalent positions:
(d) xyz; x+4, 4-v, & d-x, y+b, & %93
‘—X, yr *_z; ﬁ, y+}; ’+*; X, i_y: 5+*; X+}, Y, *—z'
By changing the origin to the point (12” 12;') the unique cascs are simplified.
Space-Grour VY.
Four equivalent positions:
(a) 000; $30; 0%4%; 304
() $44%; 004; 300; 0%0.
Eight equivalent positions:
() xyz; x+4, 3-y, %; % y+4, -3 $-x §, z+4
xy2; 4—x, y+4 3; x §-y, z+%; x+h y, d-s
Space-Grour VY.
Four equivalent positions:

(@) $10; $30; 31%; 111
(b) 114, 114 110; %i0
(¢ Ouv; %, 3—u, #; 0, u+i, 3—v; 3%, 4, v+

Eight equivalent positions:
(d) Xyz, x+*’ '}—Yv 2; xr Y+’) i—z; i-xo yy 5+};
$—x, 4—y, 7; xyz; x+}, §, z+%; x, y+i, $-s

The unique cases are simplified when the origin is changed to (12” ;’),
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Space-Grour V.
Four equivalent positions:

(8) 000; 00%; %30; %313

(b) $00; 304; 040; 044

() Oui; oa}; 4 utd, 4 3, 34—y &
E1ight equivalent positions;

(d) $10; 130; 114 1i%;
$10; 310; 211 114
(e) uoo; nOO; *—ui }’ i; u+i; ;’ i;
90%; u0d; u+i 4,0; 3—u 4 0.
® Ouv; 0,u, 3—v; 4, utd, v; 4, utd, $—v;
Oﬂv; 0) ﬁ; V+i; *r ;_uy v; *r i—u: V+}.
@ uvi; uvi; utd, v+i, i utd, d-v, §;
uvi; ﬁv}; }_u) }—V, *; *—u; V+*’ *-
Sizteen equivalent positions:

() xyz; x§z; %, y, $—z; %, §, z+4;
fdji; iyz; X, Y1 Z+i; XY }_z;
X+*, }"H, z, x+iy i_y’ z; i—x; Y'H, }—z;
$—x, 31—y, z+4;
$-x, -y, %, $—x, y+4, 5 x+4, d-y, z+4;
x+}) Y+§, }—Z.
Space-Grour VE.

Four equivalent positions:

(a) 100; 30%; 130; %
(b) $00; 20%; %130; 1

Eight equivalent positions:

(c) 0%0; 030; 0%3; 0%4%;
$440; 310; 3%4; 414

(d) uoo; uo}; i_u; 0’ 0; u+*’ 09 *;
u}}; fHO; }—ur }, i; u+*) ;r 0.

(e) Oud; 4ui; 4 4—u i 0, utd, §;
OG*; *u*; *9 u+*; i; 0: i_ur *'

® tuv; 3, v 3—v; § utd, v; &, utd, -v;
}ﬂv; ']') n: V+i; *, *_u’ v; *, }_u; V+i

Stizteen equivalent positiona:

(8) xyz; xyi; %y, $—3; % ¥, z+%;
i-x, 7, % 3-x,y 2 x+4, §, z+3; x+3, y, 4—3;
x+%, y+4, 2 x+4, -y, & d—x y+4, §—3;

}—x) }—y, 5+*;
%, i—)ﬂ z; %, Y‘H, zZ, X, i_yr ’+i; X, Y+}, }—"

11
LR
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Space-Group V¥ (continued).
Four equivalent positions:
() 10; $10; %30; 330
(d i1} $14; 134 114
(e) Ouv; Oav; % 3—u, #; 4 u+td, &
() uov; a0v; 4—vu, 4, ¢; uti, 4, ¢
Eight equivalent positions:
@ xyz; x+3, d-y, 7; d—x, y+} E; x93;
$—x, 4y, 7; Xys; x¥3; x+4, y+4, 2
The unique cases can be simplified by changing the origin to (’5 '2’)
Space-Group V.
Four equivalent positions:
(a) $0%; 31%; 13%; 10%.
() $0%; 3% 111 1o0i.
(c)_ 00“; }*ﬂ; i’r 0) i‘_u; 0; i’; u+i'
Eight equivalent positions:
(d) xys; x+%, -y, %, §—x, y+i, 3 x93
1—x, 9, 4—32; % y+i,2+4; x 3-y, z+%; x+4,y, 3=
By changing the origin to the point (22'" ;—') the unique cascs are simplified.
Seace-Grour VY.
Four equivalent positions:
(a) 000; 3340; 044; 303
(b) $44; 00%; 300; 030
Eight equivalent positions:
(©) xyz; x+4%, 4—y, % %, y+4, 4—32; 4-x 3, z+3.
%y2; 1—x, y+4%, z; x, -y, z+4; x+b, y, 48
Space-Group VY.
Four equivalent positions:
(a) $10; #10; $1%; tii
(b) +14; 214 210; 110
(c) OuV; }, }_u} v 07 u+;) i—vF i) ﬂ, V+*.
Eight equivalent positions:
(d) xyz; x+4, 4-y, & X, y+4 4—3 3-x 9, s+§;
$-x, 4—y, 2; xyz; x+4, §, z+%; x, y+i, $—

The unique cases are simplified when the origin is changed A
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Space-Grour V.
Four equivalent positions:

(8) 000; 00%; 3%40; 334

(b) $00; 30%; 030; 0%4.

(c) Oui; oui; % u+td, 3; 4 34—y
Eight equivalent positions:

(d 310; 1%0; 313 114
$10; 310; 113%; 114
(&) u00; 200; 4—u, 4, 4; utd, 4 %;
ﬂO‘}; UO‘}; u+%’ ;) 0; *_ur i) 0.
® Ouv; 0, u, 4—v; % ut+d, v; 4, uti, §—v;
Oﬁv; 07 ﬁ) V+i‘; %1 §_u: v; %) *—us V+i.
@ uvi; uvi; utd v+, 4 utd i-v, §;
ﬂv*; ﬂV}; }—ur *—V, *; ;’_u’ V+}, }-
Stizteen equivalent positions:
(h) xyz; xyZ; %, y, $—3; R, §, z+3;
xyz; Xyz; X, ¥, z+3; x,y, $—3z;
x+4, y+4, z; x+4, 4-y, %; 3—x, y+4, 3—3;

$-x, d—y, z+§;
}'—X, i—Y; z; i_x) Y+§, z; X+‘}, *_y) Z+*;

x+3, y+3, 4z
Space-Group VY.
Four equivalent positions:
(a) 100; $0%; 2140; %
(b) §00; {0%; ii0; %
Eight equivalent positions:
© 030; 030; 033 01,

i3
LR 2

u+i, 0, §;

u+i, 4, 0.

0, ut+i, 1;

0: }_ui '}-

%r v; }’ u+}) }—V;
u, v; }y ;_u: V+*.

» Y }_z; X, yr Z+*;
+*’ A Z+i; x+i: Y, }—Z;
’ 2; *—X, Y"H, *_Z;
i—x) *—Y) Z+*;
’ *—Y) z+i; X, Y‘H, i—"
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Space-Grour VY.

Two equivalent positions:
(8) 000; $30. ~ . (c) 0%3; 404
(®) $00; 040. > (d) 344; 004
Four equivalent positions:

' () 10; 110; 110; 110.

M 114 114 1% 11k

(g) 1100; “00; u+*’ }: 0; i—ll, }; 0.

(h) ui ;; ﬂi}; u+*; 0’ i; *—us 0; *'

(i) 0\]0; Ouo; i; u+*: 0; *l i—u) 0.

(i) }u%; iul; O) u+}, ;; O) *_uv i'

(k) O0u; 004G; 434u; 341

(M O0%u; 0%410; 40u; 3040.

Eight equivalent positions:

(m)itu; 230; $i0; iy
$16; 3tu; 1ivu; 1tu

(@) Ouv; Ou¥; %, utd, v; }, utd, 0;
oav; Odv; 4%, 3—u, v; 4, 4—u, v.

(0) uOv; uov; u+}) }; v5 i_u’ }7 v;
u0v; a0v; utd, 4, ¥; -y 4, v

(P) uv0; 0v0; u+i, v+4, 0; 4—u, $—v, 0;
uv0; 9v0; u+i 3—v,0; 3—u, v+3,0.

(Q) uv*; ﬁV}; u+§’ V+*, }; ;—u’ i—V, *;
uvd; dvd; utd d-v, 4 d—vu, v+i, &

Stixteen equivalent positions

(r) xyz;  xyz; RyZ; %¥z;
Xyz;, Xyz;  Xxyz;  XyZ
x+}r y+}: z, x+*) *-y, i; ;'—x; Y'H‘, i; i—'x, }—yl 3,
i_x, *-yl i; ;-—X, Y+§) z, X+}, i—y, Z, X+§, y+*: 3.

Spa :-Grour VY.

Four equivalent positions:

(a) 000; 003; $%0; 333
(b) 400; 30%; 040; 04%4.
() 00%; 00%; 344%; 441
(d)o04%; 0%4%; 30%; 304
() 314 134 414 11t
M 111 1% 111 it

Eight equivalent positions:
- () u00; u0%; u+ti, 4, 0; u+ti, 4, 4;
100; a04; 3—u, 4, 0; 3—u, 4§, 3.
(b) OuO; Oui; 4% utd, 0; 4, utd, §;
000; Oﬁi; ir i_ur 0; i) i_u) *-
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Space-Grour V¥ (continued).
@i 00u; %4u; 0,0, uti; 3, 4, utd;
00d; 4%41; 0,0, 4—u; 1, % 4—u
(G) O%4u; 40u; O, 4, uti; 3, 0, u+4;
Oiﬂ; }Oﬁ; 0: i: i—u; *r 09 *_'u-
(k) t1u; 2305 %3 % 4—v; 1 1 utd;
'}iu; !}n; }: *’ i-u; *; *r ll+§.
(l) UV}; uv*; u+}y v+;r }; u+i’) i_vr *;
uv}; ﬂV*; *—ur ;—V, }; }—u: V+}, !'
Stizteen equivalent positions:
(m) xyz; xy%; Rxy%; 2ys2;
i» ?: }—Z; i; Y, z+ir X, yr z+}; X, y,}—z;
X+§, y+}: z, X+;, 9-y) Z; }—x, Y+§, z;
;_x’ ’—y) Z;

$—x,4-y,4—3; }—x,y+4% 2+%; x+4} 4-y, s+4;

Space-Group V.

Four equivalent positions:

(a) 000;
(b) 00%;
(¢) 00;
d) $3%;
(e) 0%0;
M $1%;
() ttvu;

$00;
304%;
{00;
14,
0%0;
114
tig;

$30;
34
t10;
$04%;
3t0;
04,
ity;

0%0.
044
i1to0.
103%.
3 %o
013
tiu

Eight equivalent positions:

(h) u00;
100;
(@ uii;
ai4;
(3 Ouo;
010,
(k) dus;
$ai;
1 00u;
0041;
(m) tuv;
a9
(@) utv;
019

140;
uto;
104%;
u0i;
3a0;
$u0;
0i4;
Oui;
304q;
30u;
fuv;
{av;
uiv;
a}v;

*_ur }7 0;
u+i, 4, 0;
*—u: 0: i‘;
u+t, 0, %;
3, 84—y, 0;
3, u+i, 0;
0) %—u) ;;
0, u+i, 4;
0%a; 33u;
O%u; 431
i, utd, v;
*: }-u: v;
u+d, 4, v;
i—uy *: 9;

Sizteen equivalent positions:

(o) xys;

*—X, Y9 2;
x+*: }’-H, Z; x+*; *—y' ’; *"xr y+i) 2; *—X, ;—Yr z;
X, }—Y; zZ;

XyZ;
;—X, Y, %,

%, y+3, z;

u+4, 0, 0;
$4—u, 0, 0.
uti, 4, 4
*'—u: ;: *-
0, u+4, 0;
0, 4—u, 0.
$ utd, §;
’) }_u: ’*

} utd, 9
*: *-ur V.
utd, §, 9
*—u) *; V.

RyZ;
x+4, 9, 3;

x, 34—y, s;

x+4, y+4, 44—z

£93z;
x+4, y, 2;

x,y+4,82.
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Space-Grour V3.
Four equivalent positions:

(8) 000; 30%; 330; 0434
(b) 400; 004; 040; %34

Eight equivalent positions:

(c) $0%; 10%; 10%;
114 134 14 %
(doti; 0% 0%1%;
$di; 1% 114
(e) u00; u+},0,%4; u+d, 4,0, uii;
600; 4—vu,0,4; 3—u, 4, 0; 0}4i
(f) 0uo0; 0, u+i, 4; 4, utd, 0; 3ui;
Oﬁo; 0! *—u: *; ;; *_u) 0; iui'
(8) 00u; O, %, u+i; 1,0, u+d; 24u;
00d; 0,4 34—u; 40, 4—u; 3340
(h) }iu; }'}ﬁ; i” *r }_u; *’ }: u+}r
tiv; 310; 3 % 4—vu; & % utd
Sizteen equivalent positions:
() xyz; xyz; XyZ; xyz;
1—-x 9,342 3-xvy 2+%; x+4, 9, 24+%; x+4,y, -3
X+§, Y+§r Z, x+}r }—Y; i; i_x’ Y+i, 2; i_x' i—y’ z,
ir ‘}_y’ ;_z; X, Y-H: z+*; X, i-y: 2+*; X, Y+;, *—8.
Space-Grour V3.

Four equivalent positions:
(s) 000; 330; 104;
(b) $00; 030; 00%;

Eight equivalent positions:

W O A e
e e O

 §
1.
tH
Y

o O
ap 2b
gl o

() 0%%; 0%% 01y 0%t
$4iL 311 31% 4%%
(d) 0%, 10%; 10%; 10%;
341 131 13 % 13t
() $10; 1%0; t10; 110,
114 2114 114y 134
(OTEHIES SR X & TR & £ 1
111 111 13h 11t
(8) u00; u+4, 0,4; uti, 4, 0; uid;

uoo; ‘}—u) 0, i; }-uy iv 0; ﬁ;;.
(h) 0u0; O, u+d, 4; 4 u+td, 0; $ui;
Oﬁo; 0’ }—u, i; *y *_u’ 0; iui°
@ 00u; O, %, uti; 4, 0, utd; 44y
00“‘; 0) %, i—u; i: 0’ i—u; *;u'
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Space-Grour V§ (continued).
Stxteen equivalent positions:

G) 33vu; 3iu; 3 % utd; % 4 utd;
"iﬁ; '}}0; '}7 *, i—u; i’: *: }_u;
fiu; $iu; 4, % utd; 14 utds
}}n; iin; *) }y *_u; }» '}’ §—u'

(k) tui; tuy; Hutd b bHutdh b
30y 30} Lid-u i L i-uw b
ful; vl Luth & 3 utd 1
tad; 0% Li-u it bd-u i

M uii; uii w+d 4 5 widh b E
atd 0t d—w i ¥ 3—u i b
uii; uii; uw+d 4, 4 w4 4
ﬁ}}; u}!; &_ul }v }; *—u: *’ '!'

(m)Ouv; O, u+d, v+i; 4, utd, v; 4, u v+i;
Oﬂv; 0’ }—u; *—V; }, *_u, v; ;, ﬂ, ;_V;
Ouv; 0, u+td, 3—v; 4, ut+s, ¥; 4, u, 4-v;
ouV; 0’ }—u’ V+*, ;: }_u: Vv, i: ﬂ, V+;'

() uOv; u+i, 0, v+4; u+td, 3, v; u, 4, v+4;
uov; u+i; 01 *—V; u+*7 }r v; u, *r }—V;
nov; *_u) 0, i—v; ;_u) }7 v; ﬁ, ;) *—V;
40v; 4—u, 0, v+4; 34—y, 4, v; 4, 4 v+

(©) uv0; u+i, v+4, 0; utd, v, §; u, v+, §;
uvo; u+§9 }—V, 0; ll+§, v) i; u, ;—V, };
uVO; *—ur V+}, 0; i-u, v, i; u) V+i1 ;;
nvo; *—u’ }—V, 0; i—u, v; *; u: }'-V, i'

Thirty-two equivalent positions:

(p) xyz; xyz; RyZ; XJs;
xy%;  Rys; o X¥z;  Xyi;
x+%, y+4, z; x+4, 83—y, % $-x,y+H4, % d—x, 4-y, 3;
4-x,4-y,2; 3—x,y+4,2; x+3} 4-y, % x+%, y+4, %;
x+3,y, 5+4; x+34, 9, 4—32; 3—x, v 4-3 %-x ¥, z+4;
*"xf y’ }—z; *—X, Y, Z+i; x+}, y’ z+i; X+}, Y, i—z;
x, y+4, 24+4; x, 34—y, 4—32; %, y+} 4—3 X% %-y, 3+4;

% 34—y, 4—3z;

Space-Grour V.
Eight equivalent positions:

(a) 000;

(b) 300;

310;
it
030;
i

it}
it

304%;
its
004%;

i1

%, y+3, z+%;

L i)
o W o0 a3
e W90 oo W

X, }—y, 8+*;

x, y+4, -
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Space-Group V¥ (continued).
Sizteen equivalent positions:

(© ti4;

ti0;

; bhd
; 11k

©oh=0 Ooltn Gopt Obios Oafes Oups
QS0 a4 Gola Cojcn Oof3 GaitR
004 Gup= Guich Gafes GRiR Cojth

.o

; u+d 0, 4
’ i_u: 09 *;
; utd, 3, 0;
H ;—ll, iv 0;
; O, utd, &
’ 0’ ;_u) ;;
; 4 utd, 0;
H *; }—u’ 0;
; 0,4, utd;
H 0’ i) }_u;
; 60, utd;

$, 0, 4—vu;

-

’

“e we

.o

s we weo

-e

Goltn Goicn OMSs OO0 Caps Goprs

Othed 000 Cap+ CoGs G010 OBIGR CBitR OOt

0o Cops op=+ Calne OGNt Gul-2 GBIOR Cohg
e oo
-

u+i, 4 4
}_u’ i’r };
uti, 4, 1
}‘ur *’ *;
Liudh &
*) i—u) *;
Luth &
*r *—ur *;
L i utl;
}) *) *—u;
b4 utl;
*; *} *_u;

THE ORTHORHOMBIC SPACE-GROUPS Vi-V7y.

u+*9 }, 'l;
*-u; *» *;
u+i 4 &
*"’u) *) }-
Luwtd &
hi-ui;
1, uti 4
'!, *-uy }'
t E ' 2 H
L i-vu;
$ 4 utd;

*, *r '!’-“-
Thirty-two equivalent positions: :
(b) xyz; xy¥; xyI; @ X¥s;
i—-x, -y, }-5 i-x y+i s+%; x+%, -y, 44
X+}, Y+*: }—.;
x+*: Y+§: z; X+}, ’_y, i; *—X, Y+i, ’; i-x’ l—Y) g,
*—x: *-Y: }—’; 'l'_x’ y+*1 ’+*; x+*y *—Y) ’+*;
x+%, y+i, 1-5;
X+*, Y, ’+}; X+§, 5 *-5; *—X, Y, i—i; *_x) yr ‘+};
i—x t-y, -5 t-—x y+i s+%; x+i -y, +3;
x+i, y+i, i-3;
x, y+%, 5+%; x, -y, 3—3; % y+4 4—3; % 4-y, s+4;
i-x, 3-y, -2 i-x y+i, s+%; x+% -y, s+4;

x+%, y+4, {-=
Space-Grour V. .
Two equivalent positions:
(a) 000; %33 () 00%; 4%0.
(b) 400; 0%4. d) %0%; oo
Four equivalent positions:
(e) uoo; uoo; u+§’ ;: ‘}; *-u’ *» i-
(f) uoi; 00}; u+§) ;7 0; *‘u’ iv 0.
(g) 0110; 0ao; ;: u+*) i; ;: i—u) *'
(b) Oud; 0a4i; % u+td, 0; 4, 34—y, 0.
(i 00u; 00%; 4, 4 utd; 4 % 4—u
G) O%u; O%0; 40 uts; 4 0 -u
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£racE-GroUP V¥ (continued).
Eight equivalent positions:

k) 411 13% 3% 1L
$14 1% 1ib tid
(@ Ouv; Ouv; 4, u+td, v+4; 4, uts, 3—v;
0av; Ouv; 4 4—u, 4—v; %, 3—u, v+i.
m)ulv; u0v; u+tiy, 3, v+i; uti, 4, 3—v;
909, a0v; $—u, 4, —v; $—u, §, v+i
() uv0; uv0; u+d, v+4, 4; u+i, 4—-v, §;
nvo; uvo; i_u) i‘—V, }; *—u, V+§‘, *'
Sizteen equivalent positions:

(o) xyz;  xyz; XxyZ; @ X¥z;
%yz; Xyz; x§z;  XyZ;
x+i: y+}y z+i; X+}, i_y: i—z; }—X, Y+;’ *—z;
;—xy *‘y’ z+};
}-x, 4~y ¥—2; 4-x, y+4 z+%; x+4 4-y, z+4;

x+*: Y+i, *_’-
Seace-Group V¥.
Four equivalent positions:

(a) 000; 00%; 334
(b) 300; $04%; 0%4%;
() 00%; 00%; %4%;
(do%i; 03%; 40%;
Eight equivalent positions:
(e) $10; 1%0; %10; 1i0;
$4%; 114 11%; 1ts
(® u00; uos; u+i, 4, 0; u+, 4, 4;
noo; ﬂO}; ;—u) ;; 0; }_u’ *y *-
(8 Ou0; Oug; % uti, 0; $, utd, §;
Ono; Oﬂ*; ’7 *—ur O; iv ;—u) *‘
(b) 00u; %3u; % %, utd; 0, 0, u+4;
Oou; ;*u; *’ }) i—u; 07 0’ i-u'
@) O%u; 30u; %, 0, u+ti; 0, §, u+i;
Oiu; ion; '}’ 0» *—u; 0’ *9 Q_“'
G) uvi; uvd; utd, d—-v, §; u+td, v+4, 3
avi; avi d—u, v+ 4 4-vu, d-v, &
Sizleen equivalent positions:
(k) xyz; xyZ; xyZ; x93;
xr y) *_Z; i: Y, z+*; X, 5’, z+i; XY, }—Z;
x+i’ Y-H, 5+}; X+}, }—yl *—z; i—x: }"H, *_5;
§-xl ‘}—Y; ’+*;
$-x,4-y,%; ¥—x,y+4, 3 x+4, 34—y, 2 x+4, y+4, 2.

o
©
ek oo
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SrAcE-GRoUP V] (continued).

By shifting the origin of coordinates to the point (32) of this first set, these
positions become:

Two equivalent potitions:
(a) 000; $04. (c) 034; %3%o0.
(b) $00; 00%. d %34%; oo
Four equivalent positions:

(e) u00; 900; 4—u, 0, 4, u+i, 0, &
() uid; 944 4—vu, 4, 0. u+td 4,0
(@ tui; t0i; tad; fuil
(h) Ouv; 00¥; % u, 4—v; % 0, v+i.
E¢ght equivalent positions:
(i) xyz; xyz; 3-x,y, 4—32; $—x ¥, z+4;
55”'!; xyz; X+§, y’ z+}; x+;; Y, *—z-
Space-Grour V.
Four equivalent positions:

(a) 030; 040; 0%4%; 0%4.
() $14; 414 2%10; 20
(¢c) u00; 004; 030; uii
(d) Ou}; 00*; 0, }—ur *; 0, u+i) *'
) 4ui; 40d; 3 d—u & 4 utd i
Eight equivalent positions:
) xysz; xy%; %y, -2 % § 3+4;
i: }-y’ E; X, Y+i’ Z;, X, i—Y: ’+i; X, Y+;, *‘5-
The unique cases can be simplified by transferring the origin to the point (’2')
Space-Grour V3.

Two equivalent positions:
(a) 000; }3}o0. (c) 040; }00.
() 00%; 244 do%}; 30
Four equivalent positions:

(¢) 00u; 00q; 4%41a; 43w
(f) 034u; 0%40a; 300; 40u
(g uv0; av0; u+d, 3—v, 0; $—u, v+4, 0.
(h)uvd; 094 utd 4—v, 4; 3—vu v+, 4.
Eight equivalent positions:
(i) XYz, x+*, i_y’ i; i—x) y+§y i; xyz;
xyz; 4—x, y+i, 3; x+3, $-y, 5 xyi
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Space-Grour VY.
Four equivalent positions:
() 111; #t) Hih it
M) $1%; 1% 1th 1%
(c) 00u; %%a; 4 4 4—u; 0,0, uti
(d)O0%u; 400; 4 0, 4—u; O, §, ut+d
Eight equivalent positions:
(e) xysz; x+4, 31—y, & §—x, y+4, Z; 293;
$—x 34—y, *-zr %y, 2+%; x, ¥, z+%; $-x, 4y, 2+4
By shifting the origin to (7—2” g’ 12") the uniquely placed arrangements can
be slightly simplified.

Space-Group V.
Four equivalent positions:
(8) 020; %10; %40; 0%0.
(b)0t4; 414 414 0%
(¢c) O0u; %#34d; 0%41; 40u.
d) tuv; $av; §,4—u, % } utd, W
Eight equivalent positions:
(e) xysz; x+4, -y, & 3-x, y+4, 3 29
7-(; ;—y: i; }—X, Y, %; X+}, y) Z; X, y+}) z.
The unique cases can be simplified by placing the origin at the point (ﬁ)

2 )
Space-Grour VY.
Two equivalent positions:
(a) 00%; 33i (c) 04%; %204%.
() 00%; 44% doy; 30%.
Four equivalent positions:

(e) Oou; ;}ﬂ; in i’: u+*; 0; 01 i—u'
(f) 0}11; }0&, ir 0: u+i; 0: ir }—ll.
® uvi; avd; utd, 4-v, & d-u v+4, &
Eight equivalent positions:
(h) xyz; x+4, -y, 2; $—x, y+4 2; x93
x’ yr *—z; i'_x’ Y+i; Z+§; x+i) i—Y; z+§; XY }-2.
The unique cases can be simplified by changing the origin to(z"

2 0
Space-Grour V.
Two equivalent positions:
(a) 00u; %3a. (b)O%u; 4041.
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8race-Group V3 (continued).
Sizteen equivalent positions:
() xys; xy2; 2yZ; xys;
.x35t+% ¥ x4-3 y, X i35 § % 34+
X+i, Y'H, z; x+ir i—y’ LH }-x) Y+*, z; i_x) }—Y9 tH
y+3, x+%, s+4; 4-y, x+4, 35 y+4 d-x 3—3;
}-y, 4—x, s+}
Space-Grour V3*
Four equivalent positions:
(a) 000; 300; 330; 0%0.
() 434; 044%; 00%; 304
(c) $%0; %110; 3%0; 1%0.
d) t1%; 3% 114 11k
Eight equivalent positions:
(¢) O0u; 0010; 30u; 20a;
$4u; $40; Odu; Oda
® 1tu; 330; 3iv; 1i0;
ti0; 3iv; 3i0; 2iu
® %uo; uio; {ao; 1$0;
i-u’ *1 0; u+*7 }; 0; *r u+*; 0; }; *_up 0.
(b) tui; utd; LEH utd;
*-u’ *’ ;; u+i1 *7 *; *, u+i, }; *} i—u) i'
Sizteen equivalent positions:
@ xyz; yz; xys; yxz;
i—x) Y, i; }_Y; x, Z; X+i, y, ’; y+*; X, &,
x+4, y+4, 5 y+hd—x % d-x4-y,5 d-y, x+},%;
5 y+4, 23, %, 3-x35 x3-y, % vy xti s
Space-Group Vi*
Four equivalent positions:
(8 000; 304%; %30;
(®) $34; 040; 00%;
) $1%; 3L 1L
@it 1% %
E1ight equivalent positions:
(e) 00“; oon; *1 0) i—u; }’ O) u+;;
14u; 440; 0,4 4—u; O 4 utid

o~ e ©
- O e
o o O

® tul; ul; tal; LE$ H
i_ul *» '}; u+i: i: *; *} u+§r }; }9 i—u: *-
® tui; uii; oy il
}—ui *’ }; u+§’ *7 }; *7 u+l: 1’; *r *-u, *°
() ttv; ity iy tig;

hhi-uw 4 iutd; 4,4 4-u; 4% utd
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Space-Grour V3 (continued).
Sizteen equivalent positions:
(i) xysz; b2 H 293; ¥xz;
-x,y,4—2; 3—y, % s+%; x+%, 9, 4—-3 y+4 x 2+
x+;” Y+§, z; Y+§, i_xr 2; i-x» i_Y: z, i‘y: X+;‘, 2;
%, y+4, 842 ¥, 4—x3+%; x,4-y, 4—32; y, x+3, 5+4.
Space-Groue Vi.
Four equivalent positions:
(8) 000; %30; 304%;
(b) $00; 040; 00%;
() 1% 331 114
GRS EHIES F K X ¥ 1
Eight equivalent positions:
(e) 00u; %4u; % 0, utd;
000; %#4a; 40, 4—u;
® ttu; ti0; % 3—vu;
$iv; #1905 3 % 3—vu;
Sizteen equivalent positions:
(8 u00; uii; uti, 4, 0;
000; 044; 3—vu, 4, 0;
Ou0; 3uj; % uti, 0;
000; 3a4; 4 4—vu, 0;

e e b ©
e

0, %, u+ti;
09 i; }—‘L
b i utd;
i &1 utd

u+s, 0, §;
*_u, Or *;
0, uts, §;
0; }_u; i~
(h) tui;

7

@

uti;
uii;
fui;

uuv;

uti;
it
tug;
ai;

}) *_u’ *;
;—“; }’ };
i-u, 4 &
*r &_u: *;

u+d, 4 4
u+i, 1, §;
1 ut+d &
1 ut+d,

u+i’ u+}; v, u+i’ u, V+§;
u+;; *—u: \H u+;x a, }—V;
du¥; $—vu, utd, ¥ 4—u, u, }—v;
adv; $-uy, $-u, v; $—u, § v+;
Thirty-two equivalent positions:
() xyz; x§2; xyE; @ x93;
yxz;  §xZ; yXZ; @ §%s3;
x+}; Y'H, z; X+i, *—}5 g;
y+%7 x+*; z; i—y, x+;: i;
x+ir Yy, z+}: x+iv y’ *-z;
Y+}7 X, z+}; }—Y; X, i—z;
x, y+3, z+%; %, 4-y, 4—3;
y, x+4, z+%; 9, x+4, §—3;
Space-Grour VY.
Eight equivalent positions:
(8) 000; 00%; 340; %33.
304; 300; 0%%; o}o.

u, u+4, v+4;
u, $—u, }—-v;
n; u+i) i—v;
q, $—u, v+4.

uil¥,;

-x,y+4, 2% 3—x4-y,3;
y+h 4-x% 3-y,d-x 3
}—X, Y, }_’; }—X, ¥, Z+*;
Y+*r X, 9-5; i_YI X, z+i;
X, Y+*: *-z; R, i—y’ ‘+*;
Y, *—X, }—’; s i_xr Z+*.
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Space-Grour VY (continued).

(b) 00%;
$0%;
(¢) 2%0;
is;
ittt
4

00%;
30%;
1t0;
(X H
1%
iy

T e e g O Wb

0 B ps AP0 D 0pe aape
o e O e e
o M e M O
o o s NS0 a3 aop

e e

Sizteen equivalent positions:

(e) u0o0;
100;
uii;
LEZH

() 00u;
001;
$iyu;
$3q;

® ttvu;
iu;
ttv;
$i0;

(h) tui;
tui;
{ul;
fui;

Oui;
0di;
$u0;
310;
0%u;
0%4;
$0u;
$04;
tiv;
1tu;
tiv;
ity
aii;
uti;
uii;
uii;

0, u+#, 0;
0, $—u, 0;
} u+td, 4
*: i_u: i,
0, 3, u+i;
01 ;) i_u;
3, 0, uti;
ir 07 i_u;
bt utd;
iy *) *-u;
i 1 utd;
*: *; }_u;
Hi-vu i
1 uti, 4
i utd, &
*; *_u: *;

-

~e

uti, 3, 0;
i_ur iv 0;
u+ti, 0, §;
*_uv 0) }°
0, 0, u+i;
0’ 0: i_u;
} 4 utd;
‘}) ;) i'—u'
i uty
*; }7 i—u;
1wty
}r *: i—u°
uth, §, &
i—u: }9 *;
*_u) i’ };
ut+d §, &

Thirty-two equivalent positions:
(i) xyz; xyZ; Xyi; xyz;
Y, X, Z+*; Y: X, i-z; Y, ’-‘7 *_z; y) i) z+§;
x+%, y+4, 5, x+4, 34—y, % d—x, y+4, % i-x 3-v, 5
Y+;; X+*, z+}; i—y’ X+*, *_z; Y+§, *-X, ;—Z;
3-y, —x, 2+4%;
x+4, 5, 2+, x+4, 9, 4—32; d—x,¥5,4—3; %—x ¥, s+4;

y+*; X, Z, *_Ya X, i; Y+}, i) i; *_yy x: Z;
x, y+4, z+%; x, 3-y, 4—2 % y+3} 4-35 % 3-y, st+};
Y, X+§, z, y; X+;, 2; Y, *—x, i; y' i—x’ z.
Space-Group Vi.*
Two equivalent positions:
(a) 000; %44 (b)004; %30
Four equivalent positions:
() $00; 044%; 0%40; 304%.
(d)o%i; 04%; 30%; 20%.
() 00u; 009; 4 % utd; 4, 4, 34—

Eight equivalent positions:
(f) u00; 0uol; u+i, 4, %; 3, utd, §;
uOO; Oﬂo; i—u’ ir }; ;- i—ur L
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Srace-Grour VY (continued).

(8) u0%; Oup; u+ti, 4, 0; 3}, u+i, 0;
ﬂo;; 0“}; }—ur *: 0; ir ;—u’ 0.
(b) 04u; 30u; 0O, §, uti; 3, 0, u+4;
0}‘1; }00; 0, ;v i—u; }) 0: }—u'

@) uuv; ua?; uti, utd, vi+4; utd, -y, 3-v;
t@dv; Qu¥; $—u, $—u, v+§; $—u, ut}, $-v
Sizteen equivalent positions:
G) xyz; xyz; xyR;  &9s;
yxs;  §xx; yxE;  §Rs;
x+%, y+4, z2+%; x+3, d-y, 4—2; }-x, y+4, 3—3;

—x, -y, z+4%;
y+4, x+3, z+%; 31—y, x+4, 4—3; y+3, 4—x }—3;
i—Yr ‘}—X, 8+}.
Space-Grour Vi*,
Four equivalent positions:
(a) 000; 30%; 4%4%; 04
(b)ooi; $0%; 2%0; 031
Eight equivalent positions
(c) oou; oou; %7 O» i—u; }) 0’ u+};

;: ;» u+;; *; i) *_u; 09 ;r '!’_u; 0, }; u+*

d tui; ui; ing; ui;

*’ u+}’ i; u+§7 }; *; }: }—'u, ”; *—ur '}) i'
Stizteen equivalent positions:

(e) xys; yxi; 2yz; yxz;
1-x,y,i-5 }-y %3+t x+h 9, 135 y+h x )
x+4, y+3, s+%; y+3 4—x 4—-3; 3—x 4-y, z+};

i—Y: X+;, *—z;
%, yt+} -3 9, 4-x2+8 x4y, i-2 vy, x+4, 2+1

C. TETARTOHEDRY.
Space-Grour Ci.
One equivalent position:
(a) 00u. (b) $4u
Two equivalent positions:
(¢c) O%u; 40u.
Four equivalent positions:
(d) xys; §xz; %93; yRs.
Space-Grour Ci.
Four equivalent positions:
(®) xys; %, x,2+%; % 9, 5+%; v, %, s+1.
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Space-Grour Ci.
Two equivalent positions:
(a) 00u; O, 0, u+4. (c) O4u; 3, 0, uti.
() $iu; 4, 4§ utd
Four equivalent positions:
d) xyz; §, x, z+4; %93; vy, & z+b.
Space-Grour C.
Four equivalent positions:
(a) xyz; §, x, 2+%; %, 9, z+4; v, % 3+i
Space-Grour CS.
Two equivalent positions:
(2) 00u; %, % uti.
Four equivalent positions:
() 0%u; 40u; %, 0, u+i; O, 4, utid.
Eight equivalent positions:
(¢) xyz;  ¥xz; %¥z;  yXe;
x+4, y+3, z2+4; d-y, x+4, s+ d-x d-y, 2+

Y+i) }—X, z+;'
Space-Group Cg*.

Four equivalent positions:
(8 00u; 0, }, ut+i; 4,0, uti; 4, 4 utd
Eight equivalent pogitions:

(b) xyz; y, $—x, z+%; x93; $-y, x, z+%;
X+i, Y+}: z+*; Y+*t x; 5+i; *—X, i—y, 5+*;

¥, x+%, =+%.
D. PARAMORPHIC HEMIHEDRY.
Space-Grour Cj.
One equivalent position:
(a) 000. (b) 004. (c) $%0. @ 343
Two equivalent positions:
(e) 040; 200. (g) 00u; 001
® 0%4; 404 () $3u; 30
Four equivalent positions:

(@) O%u; 30u; 0%44a; 304a.
G) uv0; vu0; a¢0; vao.
(k) uvi; vug; avy; vad
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Sepace-Group Cj, (continued).
E1ght equivalent positions:
(M) xyz; §xz; xys; yRs;
xyz;, ykz; xyi, ¥xi.
Space-Group Cj.
Two equivalent positions:

(a) 000; 004%. (d)044; 200.

(b) $30; 334 (e) 00%; o004

() 0%0; 304. " 431 331
Four equivalent positions:

(g 00u; 00d; 0,0, u+3; 0,0, 3—u.
(M) 43u; 230; 4 4 utd; 4,4, 4
(l) Oiu; O*ﬁ; i; 0: u+§; i) 0) }_u-
G) uv0; av¢0; vuj; vai
Eight equivalent positions:
(k) xyz; ¥, x, z+%; x¥3; v, %, z+%;
*5’5; Y, X, *—’; m; y' X, i_z'
Space-Grour CJ.
Two equivalent positions:
(@) 0340; 3400. (b)044; 304 (c) 00u; %ia
Four equivalent positions:
d) tto0; $i0; 130; %10
OFSEHEISHEZEHEL S
(® 0%u; 30vu; 301; 0%
Eight equivalent positions:
(8) xyz; ¥xz; xyz; yxs;
$—x,4-y,%;, y+3, 4—-x % x+3, y+4, 8 4-y x+3, &
Space-G1our Cg.
Two equivalent positions:
(a)0%%; 40%. (b) 0%%; 40%.
Four equivalent positions:
(c) $10; %%3; 110; 114
) 1ts; $10; $1%; tio0
(e) 00u; 330; 4 4 4—u; 0,0, uti
(f) 0*“; }on; *7 O; u+}; ‘Oa }r i-u'
Eight equivalent positions:
(® xysz; ¥ x, z+%; 2yz; Y % z+%;

—x, 4-y, &; y+%, §4—x, 4—3; x4+, y+4, §;
;_y) x+}9 i-&
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Sracn-Grouvr C&,
Two equivalent positions:
(s) 000; 333 (b) 00%; %30.
Four equivalent positions:
() 040; 300; 30%; 043

(d)o}i; 30%; 04% 320%
(8) 00“; 000; ir ’v u"”; ’n }: ;—ll.
Eight equivalent positions:
N 114 111 31%; 114
111 13 134 11t
(‘) oiu; §0u; ;’ 0, u+§; 0, ;; Il+};
O;ﬁ; }Oﬂ: }v o’ *_u; or i, *-II.
(@) uvo; ®u0; 3-v, u+d §; utd, vii, §;
490; vao0; v+4, 4—vu, & 3—u 4—v, }
Sizteen equivalent positions:
() xyz; §x3; %3,  yis;
%y2; y%2; xyz; @ gxi;
x+4, y+4, s+%; 3—-y, x+4, s+4; d-x, §-y, s+%;
y+3, $—x, s+4;
}—x, 8-y, }—2; y+}, 3—x 4—3; x+3, y+3, §—5;
*-Yr 3+*n l—.'
Space-Grour C.*

Four equivalent positions:

(a) 0%3; 02%; 3314
(b)oky; of; 3ik;

Eight equivalent positions:

() 000; 214%; %04
030; 311 344;
(d)oo%; 11%; 400;
044; 214 di0; .
() Otu; 4 4 utd; 4 4, utd; O 4, utd;
0%0; 4 4 3-vu; 3, 4 84—-u; 0, % $—u
Sizteen equivalent positions:
® xys; y+i, i-x, s+3; 4-x 9, s+%; i-y, x+%, =+
X, y+§r 8 y+i 3-x 3-3 }-x 4-y, 4—s;
-y, x+%, 3—3;
x+}; Y+§» .+*; }'+*, *—X, '+*; x» *-y: tH
-y, x+ }, s+i;
x+8,y, -5 y+ii-x3-3 x9% i-y,x+i i-s

NP e
B o
k]

Re B M 0
B)s Sk BPe 0o
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E. HEMIMORPHIC HEMIHEDRY.
Space-Grour C,,.
One equivalent position:
(a) 00u. ®) $3u.
Two equivalent positions:
(¢c) O%u; 30u.
Four equivalent positions:
(d) uuv; Guv; adv; udv.
(e) uOv; Ouv; a0v; Odv.
) udv; 3uv; adv; 3av
Eight equivalent positions:
(®) xyz; §xz; X¥3; yRs;
yxz; x§z; ¥Xxz; Rya.
Seace-Grour Cj.
Two equivalent positions:
(a) 00u; %%u (b) 0O%4u; 40u.
Four equivalent positions:
(¢)u, 4—u, v; ut+4, u, v; 0, ut+4, v; 4—u, q, v.
Eight equivalent positions:
(d) xyz; §xz; xyz; yRs;
y+hx+d, 2z x+4 3y, 5 d-y,3-x2 d-x,y+) =
Space-Grourp CJ.
Two equivalent positions:
(8) 00u; 0, 0, u+i. (®) $3u; & 4, utid
Four equivalent positions:

() O%4u; 40u; 4,0, uts; O, 4, utd
(d) uuv; Gdv; @, u, v+3; u, 4, v+4.

Eight equivalent positions:
(e) xys; §, x, z+4; %9z; y, R, 3+4;
yxz; x, §, =t} ¥%z; R, y, 2+
Space-Grour C4,.*
Two equivalent positions:
(a) 00u; 4%, 4, ut+i.
Four equivalent positions:

(b) 0%u; O, % utd; $0u; 4, 0, u+i.
() uuv; u+g, 3—u, v+4; adv; 4—u, utd, v+i.
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Space-Grour C& (continued).
Eight equivalent positions:

(d) xyz; y+3, 3—x, s+4; x9z; 4-—y, x+3, z+4;
$—x, y+4%, z+4; §%z; x+4, 3y, z+4; yxa
Space-Group CJ.

Two equivalent positions:

(a) 00u; 0,0, u+i. (®) $4u; 4 3 utd
Four equivalent positions:

(c) 0%u; 30u; % 0, utd; 0, &, utd.
Eight equivalent positions:

(d) xyz; yxz; Xyz; yks;

Y, %5 z+4; x ¥, 2+4; §, % 2+ %y, z+4
Space-Group C$,.
Two equivalent positions:
(8) 00u; 4, % utd
Four equivalent positions:
(b) 0%4u; 30u; 4, 0, ut+d; O, 4, u+ti.
Eight equivalent positions:
(¢) xysz; yxz; £yz; yxz;
y+4 x+4, z+4 x+4, d-y, 244 -y, d-x 24)
%—X, Y+i; 5+*°

Space-Group CJ,.
Two equivalent positions:
(8) 00u; 0, 0, uti. () $3u; % 4 utd
() 03u; 4,0, ut+i
Four equivalent positions:
(d) uOv; a0v; 0, q, v+34; 0, u, v+4.
() ugv; tdv; 4 0, v+4; 4 u, v+i

Eight equivalent positions:
) xyz; ¥, x, z+4; x¥3; Y, X, z+4;
Y, %, 2+4; x§z; ¥, % s+i; xy=
Space-Grour CJ,.
Four equivalent positions:

(8 00u; 43%u; 4, 4 utd; 0,0, utd.
() 04u; 30u; 4,0, ut+d; O, } utid
Eight equivalent positions:
(c) xyz; ¥, x, 2+ xyz; Y, % z+%;
y+§) X+}, z+;; x+*’ }_Y: z, *-YJ $—x, Z+};
}—X, y+*1 &



THE TETRAGONAL SPACE-GROUPS C{,—Ci.. 85

Space-Group C;,.
Two equivalent positions:
(a) 00u; 4, 4, uti.
Four equivalent positions:
(b) 0%u; 30u; %, 0, ut+é; O, 4, uti.
Eight equivalent positions:
() uuv; udv; u+ti, $—u, v+4; u+i, uti, v+4;
tdv; duv; }—u, ut+i, v+4; i—u, -y, v+
(d) u0v; Ouv; % u+i, v+i; u+i, 4, v+4;
a0v; Ouv; 3%, 4—u, v+§; $—u, § v+i.
Sizteen equivalent positions:
(e) xyz; §xz; Xyz; yRsz;
yxz; x¥z; §%z; Rys;
x+4, y+34, z+4%; }-y, x+4, z+3; 3—x, 3y, z+3;
y+*’ i_x) Z+};
y+4, x+3, z+%; x+4, -y, z+3; d-y, $—x, 2+,
—x, y+4, z+3.
Space-Group C2.
Four equivalent positions:
(8) 00u; %%u; 4, 4 utd; 0,0, uti.
(b) O4u; 40u; 4,0, u+d; 0, 4, uti
Eight equivalent positions:
(©) u, u+4, v; $—u, u, v; 0, uts, v+4; u+t4, u, v+4;
8, 4—u, v; u+d, 0, v; u, $—u, v+4; 4-u, 4, v+i.
Sizteen equivalent positions:
(d) xyz; ¥xz; xyz; yxz;
Yy, x, z+%; x, 9, 2+%; ¥, % 2+%; %y, 5+

x+4, y+4, z+4; -y, x+4, 3+8; d-x, 3y, 2+
y+3%, 3—x, s+%;

y+i x+4, 2 x+4, 8-y, 2 -y, d-x, 2 }-x,y+h =
Space-Group Cil.*
Four equivalent positions:
(8) 00u; O, 4, u+i; 4, 0, ut+d; 4 4 utd
Eight equivalent positions:

(b) Ouv; u, *a V+}; *r u+'}: V+§; i-u; Or V+*;
Otv; 0,4 v+i; 4, 34—y, V+}; u+ti, 0, v+i.
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Space-Grour Ci! (continued).
Sizteen equivalent positions:
(©) xyz; y, $—x, z+}; %95, 3—y, x, 5+%;
xyz; ¥, $—x, z+%; x¥z; y+4, x, 34+4;
x+4, y+4, z+4; y+4, %, 3+3; d-x, 3y, 3+4;

¥, x+3, =+%;
;—X, }'+§; z+'§; }-y, x} Z+}; x+*’ }-y) ‘+i;
y, x+%, s+%.
Space-Group Ci.*
Eight equivalent positions:
(8) 00u; O, 4, u+i; 4, 0, u+i; 0, 0, u+i;
i}u; i’ 0, u+}; 0, }; \l+'!; *: i, u+i
Sizieen equivalent positions:
(b) xyz; Y, $—x, z+1; X93; -y, x, z+%;

i; Y, $+§; y’ i—x: 5+*; X, yr z+}; y+}r X, z+};
x+4%, y+4, z+4%; y+4, % z+3 $—x $-y, z+%;

¥, x+4, z+1;
}—x,y+4%, 2 43—y, % s+%; x+4, 8-y, 5 y, x+4, 241

F. ENANTIOMORPHIC HEMIHEDRY.
Space-Grour D).

One equivalent position:
(a) 000. (c) 4%0.
(b) 004. d) 33
Two equivalent positions:
(e) 030; 300. (g) 00u; 004.
(H o%4; 303 (M) $3u; 330
Four equivalent positions:

(i) O4u; 30u; 041; 30a.
() wu0; 4u0; 000; udo.
(k) uug; dui; agd; uaid
1 u00; O0uo; a00; 0uO.
(m)utd; 3ud; 0dd; a0l
(n) uO%; Oug; a04; Oons.
(o) u40; 3u0; 030; 4a0.
Eight equivalent positions:
(p) xyz; ¥xz; Xyz; yRz;
yxz; x§z; §xz; Ryz.
Space-Grour D}.*
Two equivalent positions:
(a) 000; 330. (c) O%u; %4040
(b) 00%; %13
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Space-Grour D} (continued).
Four equivalent positions:
(d) 00u; 00d; 4%41; $3u
(e) uu0; 020; u+i, 34—y, 0; 4—u, u+sj, 0.
(f) uui; 0a4; utd, -u, §; 4—u utd, %
Eight equivalent positions:
) xyz; y+%, ¥—x, 5; %¥z; d-y, x+}, 3;
-x, y+4, 2, §%; x+i, d-y, 2 yxi
Space-Group Di.*
Four equivalent positions:
(a) Ou0; u0$; ous; a0}l
() $ud; uil; 300; 0
(¢c) uuf; udy; aag; dug
Eight equivalent positions:
(d) xyz; Y, X, ’+*; %Y z+;; ¥ x z+*;
Xyﬁ; y’ X, }_z; x, ¥, *—Z; Y, X *-5-
Space-Grour Di.*
Four equivalent positions:
(8) uu0; aas; utd, i—u, §; 3—u, utd L
Eight equivalent positions:
(b) XYz, y+}r *-xy Z+*; X ¥ z+*; i-)’: X+}, z+};
i—x) y+*r *—Z; ¥ % i—'z; x+}’ i-Y. "—Z; yx2.
Space-Grour Di.*

Two equivalent positions:
(a) 000; 004%. doi3; 300.
(®) $30; 334 (e) 00%; 004%.
(c) 040; 0% M 131 134
Four equivalent positions:

( 00u; 001; 0,0, u+4; 0, 0, $3—u.

(M) $3u; 430; 4 % utd; 4 4 4-u

@) O%u; 0%a; %, 0, ut+i; 4, 0 3—u.

(G) u00; 000; O04%; Oui.

(k) utd; a44; $00; 3uo.

(I uo3; 104; 0a0; Ouo.

(m)u40; 940; $a4; 4ui.

(m) uui; uti; aai; tui

(o) uui; uii; aaf; aui

Eight equivalent positions:

(@) xyz; v, %, z+%; x§z; §, x, s+4;

m; y’ xr *""; XW; Y X, i—z-
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Space-Group D{.*
Two equivalent positions:
(2) 000; %%4%. () 00%; %30
Four equivalent positions:
(c) 00u; 001; 4, 4 4—vu; } 4 utd
(d) 0%u; 300; 4,0, }—vu; 0, #, u+4.
() uu0; 2a0; utd, 4-u, §; 4—u, uti }
() uu}; aad; u+td 31—y, 0; 3—vu uth, 0
Etght equivalent positions:
(8) xyz; y+3, —x, z+4; =¥z; $-vy, x+4, z+4;
3-x, y+4, 4—2; §E; x+4, 4y, }—z; yx2
Space-Grour DL.*
Four equivalent positions:
() Ou0; uo0i; 0u3; aoi.
() $ud; uil; 300; 0l
(¢) uug; uiag; aa§; aui.
Eight equivalent positions:
d) xyz; y, & 3+%; &%, §, s+}; 8, x, 3+4;
% 5. % 1-3 x, 8, -3 vy, x -1
Space-Grour D}.*
Four equivalent positions:
(8) uu0; 904; utd 4-u, }; $—u utd &
Eight equivalent positions:
®) xyz; y+4%, 4—x s+%; %, §, s+}; d-y, x+4, s+
yxz; $—x, y+4 -3 §, % 4—3 x+} by i-a
Space-Grour Di.
Two equivalent positions:
(a) 000; %34 (®) 00%; %30.
Four equivalent positions:
(c) 040; $00; 404; 044

(doii; 40%; 0% o0ii.
(e) 00u; 001; 4, % utd; 4 4, 4—u
Eight equivalent positions:
(f) 04u; 0%1; O, 4, uti; 0, % 4—u;
$0u; 300; 4 0, utid; $, 0, 4—u
(8 uu0; @u0; u+d, u+d, §; 3—u, uti, §;
200; ua0; 4-—u, 4—u, %; uti, -y %
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Space-Grour D (continued).

(h) u00; 0u0; u+i, 4, 4: 4, uti, §;
200; 000; 3—u, %, %; 4 3—u, %
(i u0%; Oui; u+i 4, 0; % u+ts, 0;
004; 004; 3—u, 4 0; 4, 34—y 0.

(j) u, u+§; }) ﬁ, *"u’ *7 u+i: u, *; }_u; u: *;

-y, u, % utd, 0, % u d-u §; 9 utd, §
Sizteen equivalent positions:

(k) xyz;  ¥§xz; Ryz;  yRz;
yxZ; XyZ; yxz; xyz,
x+3 y+4, z+4%; -y, x+4, z+4; 4—x $-y, 2+,

Y+;'y }—X, Z+‘};
y+3%, x+4, 4—32; x+4, iy, -2z %-y, $—x 4—3;
;_x} Y-H, i_z-
Space-Group DY.*
Four equivalent positions:
(a) 000; 034%; 40%; 343
(b) 00%; 04%; 30%; %30
Eight equivalent positions:

() 00u; O, % u+t+i; 4, 0, uti; L 3 2l H
OOQ; 0: }’ *-u; *: O’ *_u; *’ i’; u+*'

(d) uu0; u, 3-vu, }; -y, $—u, §; i—-u y §;
aa0; 0, ut+d, }; u+td, utd 3 utd, o &

(e) ua0; 0, 4—u, §; utd 3—vu 4, utd u §;

Gu0; uu+d, }; 3—u, uti, 3; 4—u 1, §

M uit; H3i-w ¥ 3—u i} & tud;

ai4; Lty & uwth 1 & i
Sizteen equivalent positions:

(®) xyz; Y 3-x, 3+ %yz;  4-y, x, 2+
b-x, v -2 -y dex b x4+ 9, -5 v
x+4, y+4, 2+h y+h % 2 +d b-x, d-y, 2+h

¥y, x+3, 2+1;
% y+4 -2 y23; SRR Bt 0% Skt
y+%: x+*; i—z'

G. HOLOHEDRY.
Space-Group Dg.
One equivalent position:
(a) 000. (c) 3%0.
(b) 004 CIREE D
Two equivalent positions:

(e) 03%; 303. () 00u; 000.
(f 0%0; %00. () $3u; 230
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Space-Grour D2, (continued).
Four equivalent positions:

(@) O%u;
G) uuo;
(k) uui;
1 uo0o0;
(m)uoi;
(n) uio;
(o) uti;

$0u;
duo;
dui;
0Ou0;
Out;
$u0;
$ui;

$04;
uio;
ut;
010;
0a4%;
$00;
tad;

Eight equivalent positions:

(p) uvo;
vu0;
(@ uvi;
vul;
(r) uiv;
du?,;
(8) Ouv;
ulv,;
t) duv;
uiv;

¥ul;
uvo0;
Vui;
uvi;
uuv;
i B i
i0v;
oav;
i4v;
$av;

vio;
1vO0;
vid;
avi;
adv;
uuv,
ulv;
Ouv;
uiv;
tud;

Sizteen equivalent positions:
() xyz; §x3; X93; yXs;

yxi;

£92;

yxz;
Space-Grour DJ.

xy%;
yiz;
xyz;

yxz;
xy2;
yxs;

Two equivalent positions:

(a) 000;
(b) 00%;

004.
004%.

(c) $%0
CREEH

Four equivalent positions:
() 040; 300; 0%44; 404
(H o%%; 40%; 30%; 0%
(g) 00u; 001; O, 0, 4—u; 0O, 0, u+ti.

(b) $4u;

130; 4, 4,4

Eight equivalent positions:
0, 3, ut+d; 4, 0, utd;
0, % 3-vu; 40 3-u

@) 0%u;
0%4;
() uuo;
id0;
(k) u0o0;
100;
D uii;
i}d;
(m)uvi;
avi;

$10u;
300;
uido;
iu0;
Ouo0;
0100;
$ui;
3ai;
vii;
Yui;

uué;
ati;
uli};
104%;
uto;
040;
vui;
v0i;

THE TETRAGONAL SPACE-GROUPS Dg—Dg.

0%0.
110
a0}
100.
10%.
140.
i3

avo;
va0.
avi;
a4
duv,
u?.
0Olv;
1079,
$av;
3.

Xy#;
¥xi;
x¥z.

’

111
31t

—u; i) ir u+;’-

uié;
dui.
Out;
o4
$u0;
$00.
utvi;
vl
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Space-Grour D2 (continued).
Sizteen equivalent positions:
(n) xys; ¥xz; X§s3; yRs;
yxZ; x§%; §XZ; Ryi;
x; Yr *—z; Y, 29 '}-’; X, ¥, ‘}—Z; Yy X, }_z;
¥, % z+%; %,y z+%; ¥, x z+%; x, 9, =+
Space-Grour DJ.

Two equivalent positions:
(a) 000; %4%0. (c) 030; 300.
(b)00%; %14 (d)0%4; 404
Four equivalent pogitions:
() $10; 3i0; 1i0; {i0.
0 114 1% tiy 114

(g) 00u; 001; 33u; 331
(h) O3u; 40u; 340q; O0%a.

Eight equivalent positions:

(@) uu0; utao; u+4, uts, 0; u+ti, 4—u, 0;
100; @u0; 3—u, 3—u, 0; }—u, u+ti, 0.

(G) uud; utd; uti, utd, §; udd, d-u 4
ads; Qud; 3-vu 3—u, §; 3—u, uty, &

(k) u00; Ouo0; u+i, 4, 0; }, u+i, 0;
400; 000; 3—u, 4, 0; 4, $—u, 0.

M) uid; 2ud; utd, 0, 4; 0, u+i, §;
ﬂ}i; ;ﬂ*; ‘}_ui 0: }; 0’ i—uy i'

(m) u, i—u) v; u+i: u, v, ;—ui 1, v; Q, u+§r v,
}_uy u, v; a, *_u: v; u, u+ir \4 u+*, a, ¥.

Sizteen equivalent positions:
() xyz;  9xz; %95 yRz;
yx2; xyz; §R%;  %XyI;

.}—X, i-Y) z; Y+‘}, i_xr i; X+§, y+}) ’; ;_y) x+*r 2;
i-y’ i-x’ Z, }—X, y+*, Z, Y+§, X+i, Z, X+*, ;—y’ Z.
Space-Grour DJ.

Two equivalent positions:
() 000; %34
Four equivalent positions:

(c) 400; 0%0; 0%44; %04
d) 40%; o0%%; o%%; 40%.
(¢) 00u; 001; 4%, %, $—u; 4, 4, utd
Eight equivalent positions:
M 111 31t%; 1ih ¢
X R X TR X & TR |

(b) 00%; %30

%4
i3
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SpacE-Grour Dg, (continued).

(g) 40u; O0%u; O, &, uti; 3, 0, u+i;
$00; 0%qa; O, 4, 3—u; $, 0, }—u.

(h) uu0; udl; u+is, 4—vu, 4; uti, utd, §;
2440; Gu0; 4—vu, ut+d, 3; 4—u, }—u, &

(i) u00; Ouo0; 3%, uti, 4; u+i, 4, §;
400; 040; 4, 3—u, §; $—u 4, 3

() uo4; Oui; 4, uti, 0; u+i, 4, 0;
ﬂo*; Oﬁi; '}r *_uv O) }_u: i; 0.

Sizteen equivalent positions:

(k) xyz;  §xz;  Ryz;  yR3;
Yxz;  XyZ; @ §XZ; @ Xy%Z,
3—x, d-y, 3—2; y+4 4—x }—z; x+4, y+i, 43

;"y’ X+*, *—z;
-y, —x, 2+ }—x y+i, z+E; y+i, x+d, 2+
. X+;, *—Y) z+*-
Space-Grour DJ.
Two equivalent positions:
(a) 000; %%0. (c) 0%%; 303
() 43%; 004 (d) 300; 0%0.
Four equivalent positions:

(e) 00u; 000; 341; 2%u

() 04u; 0%1a; 400; 40u

(8) u, u+4, 0; 3—u;u, 0; u+i, 4, 0; Q, §—vu, 0.

(b) u, u+4, 4; 43—y, u, §; ut+d, 9, 4; @ 4—u, &
Eight equivalent positions:

(l) uv0; viao; V+§) u+§; 0; u+*’ i_vy 0;
4%0; Yu0; 4—v, 4—u, 0; 3—u, v+4, 0.

() uvd; vad; v+i, utd, 4 utd, i-v, 4
ﬂVi; vu*; %—V, ;_ur *; }—u, V+*, i

(k) u, $—vu, v; ut+}, u, v; 4—u, 4, v; 0, utid, v;
0, ut+d, ¥; 43—y, 0, ¥; utd u V; u, -y, ¥

Sizteen equivalent positions:
@ xyz; ¥xz; xy2; yXz;
y+§’ X+*, i; X+;, ;—Yl 2; *'—y, i—x, 2; i—X, Y+*: i;
xyz,; yXz; XyZ; ¥xz;

-y, d—x2; 3—x,y+3, 2z y+i,x+3, 2z x+}, 4-y, 2
Space-Grour DJ.*
Two equivalent positions:
N 000; %33 (b) 00%: 330
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Space-Grour D2, (continued).
Four equivaient positions:
(c) 040; 300; 304; 0%4.
(d)o%%; 20%; 04%; 20%.
(e) 00“; oou; ir }7 u+}; i, *v }—u-

Eight equivalent positions:
(f) O%4u; 40u; 3,0, u+i; 0, %, u+i;
0%a; 301a; %, 0, —u; 0, % 3—u.

(@ u,ut+i, }; utd, 0,4 0, 4—u, §; d-u u };
uuts, §; utd, 0, % 0, 4—u, §; -y u
(h) uv0; vao0; v+i, u+td, §; u+td, 4—v, §;
ﬁvo; Vuo; }—V; }_uv }; i—u; V+;; *'
Sizteen equivalent positions:
(@) xyz; yxz; x§z;  §xs;
XyZ; YXZ; Xyz; yxz;
}—x, y+3, 244, 4—vy, $—x, z+4%; x+3, 3-y, 244
v+, x+4, 2+,
}—x, y+%, 3—2; }-y 4-x 3—3z; x+4, 4-y, 4—3z;
Y+}: x+}) *—Z.
Space-Grour Dj.*
Two equivalent positions:
(a) 000; %30.
(b) 00%; %44.
Four equivalent positions:
(d t%t0; $i0; 220; 1%o0.

(¢c) O%u; %04

() 114 314 1% 111
(® 00u; 00ad; $30; 43u
Eight equivalent positions:

(8 uu0; ua0; u+i, 3—u, 0; u+i4, u+ti, 0;
220; Gu0; 4—u, ut+4 0; 3—u, $—u, 0.

(h) uug; uiad; utd, i—vu §; uti, ut+i, 4
ﬁﬂi; ﬂu}; *_ur u+}; 'i; &—ur }—us }

(i) uOv; Ouv; u+i, 3, v; }, uti, v;
i0v; 01¥; $—u, 4, ¥; 43—y v

G) w,u+4, v; u, 3—u, v; @ 3—u, v; 4, uti, v;
u+i) u, v; u+§, n’ v; }-u’ ﬂ, v; }—u; u, v.

Sizteen equivalent positions:

(k) Xyz; Y+}, }—X, Z,
x+4, y+3, ; yxE;
Xyz; i_YJ }_x: z;

$—x, y+4%, z; §xz;

xyz; -y, x+4%, z;
3—x, -y, 2, ¥xi;
xyz; y+4, x+3, z;
x+%, -y, Z; yxi.
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Space-Grour D3.*
Four equivalent positions:
(8) 000; %%0; %44%; 004
() 00%; %3%; 00%; 33t
(c) Oiu; *03; *7 0: i—u; 01 ;r ll+§-
Eight equivalent positions:
CETIHETEHE SRS LT
iy 114 1L 1%
(e) 00u; %4u; 4 4, utd; 0, 0, u+i;
00ﬂ; i}ﬁ; }: }) i_u; 01 0» i_u~
() uu0; uty; uts, 4—vu, 0; utid, utd, §;
ﬂﬂO; uui; i—ua u+i; 0; *_u’ }—“: }
Sizteen equivalent positions:
(8) xyz; y+%, }—x, z; 2yz; §-y, x+4, 3;
x+*r Y+§, }—z; Y, X }—z; }—X, }—Y: }—Z; ¥, x, i-z;
%y 2+ -y, d—x,2+%; x,§, 2+ v+, x+H4, 2 +4;
$—x,y+4,2; y%2; x+%, 34—y, ; yxz
Space-Grour DJ.*
According to the previous definitions (page 33), this space group is D33
and the following one is D3. The two are here interchanged to conform with
Niggli’s descriptions.

Two equivalent positions:
(a) 000; 004. d)o%3; 200
(b) $30; 334 (e) 00%; 00%.
(c) 040; 40%. 0 311 34t
Four equivalent positions:

(g 00u; 00d; 0,0, u+3; 0,0, 3—u.
(h)*iu; }iﬁ; }’ i) u+i; *r ir i—u-
(l) O}u; 0*‘-1; 99 0) i-u; i; 0: u+i-
(G) u00; 900; O1u3%; Ouj.
(k) uid; ai%; 3a0; 3uo.
1 uO%; 040; a0%; Ouo.
(m)u0; 2a4; 040; $ui
Eight equivalent positions:
(n) uui; uai; aai; Qui;
uui; uii; 6a§; tui
(0) Ouv; u, 0, v+4; O0dv; 1,0, v+3;
Ou?v; w,0, 4—v; 00¥; G0 4—v.
(@) 4uv; u 3, v+4; 2av; Q, 4, v+i;
}uv; u, *) }—V; *ﬁv; 1, *) }—V
(@ uv0; vag;, av0; vui;
iv0; vi4; uv0; vui
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Space-Grour D (continued).
Sizteen equivalent positions:
(r) xyz; y, % z+%; %93 ¥, x, z+4;
XyZ; Yy, % 4—32; %9%; ¥, x, }—3;
xyz; ¥, % z+3; x§z; vy, x, z+4;
m; y; x’ *—z; XW; Yy, X, *_z-
Seace-Grour DJ.*

According to the previous definitions this group is DJ.
Two equivalent positions:
(a) 000; 004 (e 3%4%; %3
(b) 00%; 00%. CVEEEHIEE |
Four equivalent positions:

() 030; 303%; 300; 0%4.

() 0%%; 30%; 04§ 10%

(g 00u; 001d; 0,0, u+3; 0,0, }—u.

(h) 33u; $40; 4, 4, utd; 4 43—

(i) uui; uiy; aas; ui

(G) uui; udi; aa§; aui

Eight equivalent positions:

(k) 04u; 40u; 4,0, ut+d; O, 4 uti;
Oiﬁ; iou) 4’; 0; ;—u; 0) 9) }_u-

I u00; Oui; uog; 0uo;
400; O04%; 1u04%; 0doO.

(m)utd; $u0; uio; $ui;
a44; 400; a30; a0l

(@uvi; vai;, avd; vui;
ivi, v1%; uvy;, vui

(o) uuv; ddv; u 0, v+4; 4, u, v+4;
du®; udv; 4,4, 3—v; u, u, §—v.

Sizteen equivalent positions:

(p) xyz; y, % s+%; x¥z; §, x, 5+%;
X,y 4—32 yX&; % §, i-z; ¥x3;
%y, z+4; §%3; x, §, z+d; yxs;
m; y: xa *_z; xyi; Yy, x, *—Z.

Space-Grour Di.*

’

0.
3.

95

The space-groups D3 and D} are interchanged to conform with the deserip-

tions of Niggli.
Four equivalent positions:
(a) 000; 00%; %%0;
(b) 0340; 403; 300;
() 00%; 00%; %3%;
(doti; 20%; 304%;

O W O
o -
Sloe b a0 020
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Space-Groupr D} (continued).

Eight equivalent positions:
(e) $10; 134%; 1i10; 314
ti4; 130; 13} tio.
() 00u; %4u; 4, % utd; 0, 0, u+3;
001; 3340; 1, 4 3—u; 0,0, —u.
(8) 04u; 30u; 3,0, uti; 0, 3, u+i;
03a; 401; 4,0, 3—u; 0, % $—u.
() u00; Oug; 3%, u+ti, 4; uti, 4, 0;
100; 0u4%; % 34—y §; -y, 3 0
(@) uti; 3u0; 0, utiy, 0; ut+i, 0, §;
ﬁi}; *ﬁo; 0’ i_u’ 0; %—“’ 0 ;
() uui; uag; utd, utd, §; utd, -, §;
idf; ui; 3—u, 3—u, }; 3—u, ut}, 1
Sizteen equivalent positions:
(k) xyz; y, %, z+3; x¥z; ¥, x, z+3%;
X+}, y+}, i; Y+§, }'-X, }—Z; i—x: *_y, i;

$-y, x+4, $—3;
1-x, y+4, z; d-y, 3-x z+d; x+4, -y, 3;
y+4, x+3, z2+4%;
iﬁ; Yr X, i_z; xyz; Yy, X, *_z-
Space-Grour Dg.*
This group is Dj of the previous definitions.
Two equivalent positions:
(8) 000; %443 (b) 00%; %4%o0.
Four equivalent positions:
(c) 040; 0%%; 304%; }o00.

(d)0%i; 0%%; 10%;
() 1% 1% 1t
) 314 131 114
(g) 00u; 00a; 3, % u+ti;
E+ght equivalent positions:
(h) 0%u; 40u; 3, 0, ut+i;
0%1; 301; 4, 0, i—u;
(i u00; Ouo0; 4% u+ti, %;
ﬂoo; Oﬂo; *v *—\l, i;
() u03; Oui; 3, uti, 0;
10%; 0104%; % 34—vy O;
(k) u, u+i: *7 u, ;—u’ '};
u+d, u, %; utd, G, §;
(1) u, u+}r i; u, *—u: };
u+}’ u) i; u+*! ﬂ, *;
(m)uuv; u+i, 3—u, v+§;
uv; u+i, utd, i-v;

301
iit
tit

*; i; *_u-

0, 3, u+ti;

0, % 3—u.

uti, 4, §;

;—\1, }r i'

u+i, 4, 0;

i—ut }: 0.
u: i-u’ *; ﬁ: u+}; i;
'}_ux ﬁy }; i—u: u, *'
4, 4—u, §; 0, u+, §;
$—u, 0, §; 3-u,uy i
ddv; %—u, utd, v+i;

iuv; $—u, 3—u, §-—v.
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Space-Grour Dgi (continued).
Sizteen equivalent positions:
(n) xyz; y+4, —x, z+%; x93; 3-y, x+4, z+4%;
x+4, y+4, §—2; yxE; d-x 34—y, -3z 9x3;
i-x, y+3, z+4; ¥%z; x+4, -y, z+%; yxz;
xyz; Y-y, $—x, ¥—z; xyz; y+3, x+4, 3z
Space-Grour D22.*
Space-groups D{2 and Dj} also are interchanged.
Four equivalent positions:

(a) 000; 00%; 3%0; 334
(b)00%; 00%; 3%%; 331
() 0%0; 304%4; 400; 0%4.
(d)o%i; 30%; 04%; 30%.

Eight equivalent positions:
(e) 00u; %3u; %4, 4, utd;
00&; ;}ﬁ; i: '}r }_u;
(f) O}U, &011, *: 0 ll+'},
0%1; 304; 3 0, $—u;
® u, u+i, ; utd 4, 3; 4 % u, t i—u,u §;
u, u+i) *r u+*) u }7 ﬁ * u, *; i—u: u, }'
(b)) uv0; av0; 4—u, v+4, 0; u+i, 4—v, 0;
vii;, Vud; d—-v, -y §; v+i, utd, &
Sixteen equivalent positions:
() xyz; vy, %, z+3%; %z; ¥, x, z+3;
xyZ; vy, %, ¥—3z; %9%; §, %, }—13;
i—x, y+4, z; 3—y, 3—x, z+3; x+4, 3y, z;

| ww oo

ub-;:u.-:

+1;
—u.
+4;
—u.

K== ==
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y+4, x+4, z24+4;

i_x; Y'H, -E; }—y: }_x’ i_z; x+}: %_y, z;

Space-Group Di.*

Two equivalent positions:
(a) 000; %1334 (b) 00%; %3%o0.

Four equivalent positions:
(c) 030; 0%4%; 30%; 300
(d)o%i; 0%%; 20%; 20%.
(e) 00u; 001a; 4, %, utd; 34 4—u
(f) uuo ﬂuo é u, u+i; i: u+*r i—U, *
(8) uu}r ﬂﬂ*, } u, u+§, 0; u+*; i—u, .

Eight equivalent positions:
(h) 0%u; 3#0u; %, 0, uti; 0, 4, ut+%;
O}ﬁ; iou; ;: 0) *—u; 0) i; }_u-

(i) uv0; vu0; v+, 3—u, §; uti, 4—-v, §;
avo0; viao0; 4i—v, uti, §; -y, v+, 4.

(G) uuv; uuv; u+i, 3—u, 4—v; u+i, 3—u, v+i;
ﬂﬁv; ﬁﬂv; i—u! u+;) V+i; %—\l, u+*9 %—V.

y+§r x+;v }—Z.
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Space-Grour D3 (continued).
Sizteen equivalent positions:

(k) xyz; y+}, 3—x, z+4;
xyz; y+3, 4—x, }—3;
$—x, y+i, z+3; §%s;
-x, y+4 43 §%3;

Space-Grour DZ.*

THE TETRAGONAL SPACE-GROUPS Di-Dil.

£9z; 4-y, x+3, z+%;
29%; 3-y, x+4, i—3;
x+%, 4-y, z+3; yxs;
x+4%, $-y, $—3; yxi.

Space-groups D3 and D are here interchanged.

Two equivalent positions:
(a) 000; %343
Four equivalent positions:

(b) 00%; %%0.

(c) 00u; 001; 4%, % 3—u; % 3, utid
(d) oiu; ;Oﬁ; *! 0) i—u; 0) *; u+i°

Eight equivalent positions:

) ¥3%; 111 1%L
1y 4L

(f) uul; @uo;
uil0; 4a0;

() Ouv; Odv;
ulv;

Sizteen equivalent positions:

(b) xyz; y+4%, $—x, 2+;
x+4, y+3, 4—2; yxE;
xyz; -y, $—x, s+4;
$—x y+4, {2 935

Space-Group D.*
Four equivalent positions:

(a) 000; %4%;

(b)00%; 34%;

(c) 310; %14,

@) it%; 1t0;

(e) 0%u; 304;

Eight equivalent positions:

() 00u; %%u;
000; %34;

() uul; uti;
1100; Qu$;

(h) uug; uao;
1d4%; Qu0;

114
14 11t
ut+d, 4—u, §; 3—u, uti, §;
u+4, u+i, %;
u+i, 4, v+4;
a0%; 4, utd, —v;

1-v, -y, %
i_uv }a V+§;
i; i—us }—V.

xys; 3—y, x+3%, z+3%;
*—x, ;"yy *"5; W;
xyz; y+3%, x+4, 3+4;
x+}) i'—Y; ;—’; yx3.

00%; 4%0.
00%; $i1
$i0; 11d
i1} 1to
}7 0) *—u; 0’ i) u+}-

3 3 utd; 0,0, utd;
i; ir }—u; 0,
u+4, }—ua ;;
$—vu, ut}, &
u+§: i—u! 0;
}—u: u-+4, 0;
(l) u, u+}r v, i'_u, V+§; Q, }_ur v; q, u+i; V+*;

utd, u, % utd 0, 4-v; d-u, 0, % -u, u $-v

0, $—u.

u+4, u+§y 0;
i—u» i-u) 0.
u+td, uti, §;
i_u) ;—u) ;'
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Space-Grour D—(continued).
Sizteen equivalent positions:
() xys; y+3, 3—x, z+4; =93 %-y, x+4, z+4;
x+%, y+4, % v, % 4—3 3-x %4y, % § x 3—3;
%y, 2+4; 4-y, 3-x, 8 x ¥ z+%; y+i, x+4, g;
$—x, y+4, -3 ¥§%3; x+3, -y, §—3; yxi;
Space-Grour D{I.
Two equivalent positions:
() 000; %%3. (b) 00%; 330
Four equivalent positions:

() 0%0; 300; %0%; 0%4.
(d)o%%; 30%; 0%%; 20i
(8) Oou; OOﬂ; ir }) i_u; i: *’ u+i°
Eight equivalent positions:
® 1t%; 114 1L it
41 1L 1L 1t
® 0%u; 40u; 4, 0, utd; 0, 4, u+i;
0'}0; iou; ;y 07 i—“; 0, *: i_m
(h) uuo; ui 0; u+*: i—'u’ ;; u+ir u+§) *;
200; Qu0; 3-u, ut4, §; $4—u, -y, &
@) u00; 0u0; 4%, u+tid, ¥; uti, 4, 4;
ﬁOO; 000; il ;—u, ;; *"ur ;! }'
(G) uo%; Oud; 4, uti, 0; u+ti, 4, 0;
00}; Oﬂi; ir *-ur 0; }_u, *; 0.
Sizteen equivalent positions:
(k) u, u+*r *; i-U, u, }; a, §_ur *; u+i; Q, }:
u+*: u, '}) u, *'—u) *; i_u: ﬂ, *’ ﬂ, u+*’ *;
1, i_uv *; u+;; ﬂ, *; u, u+}’ *; ;_u’ u, *;
;—uy 'ﬂ, *; u’ u+iy i; u+}) u, *; u, i_u; }°
M uvo0; %u0l; av0; vio;
vu0; uv0; vd40; avo;
ut+d, v+4, 45 d-v,utd b d-ud-v, 4 vih o d;
V+*, u+*: *; u+i’ i—vr }; *—V, *—'u) *; i_u; V+}, i'
(m)udv; uuv; duv; ddv;
u®; uud; ui?v;, 407,
u+4, 3—u, v+}; u+i, utd, v+4; 4—u, utd, v+i;
$—vu, 4y, v+i;
$—u, uti, 4—v; uti, uti, 3-v; utd, d-u, }-v;
$-vu, -y, v
(n) Ouv; a0v; OQv; ulv;
ulv; 04v; 409; Ouv;
*; u+i: V+;; }_uy i: V+}; ;r i_u: V+}; u+}r i: V+*;
u+§: b; *—V; *; i"u; }_V; i-u) ;; ;—V; i: u+§’ *—V.
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Seace-Grour Di—(continued).
Thirty-two equivalent positions:

(0) xyz;  yxz;  %yz;  yRz;
yxz; XyZz; yxz; XyzZ;
Xyz; yXZ; XyZ; yxz;
ykz;  Xyz;  yxs;  X§z;
x+4%, y+4, z+%; i-y, x+4, s+4; 4—x, -y, z+4;
Y+%l *—X, z+%;
v+4, x+4, 31—z, x+4, i-y, -2 }-y, }—x, }—3;

*—'X, Y+’}, *_z;
Y+*: i_x’ }_Z; X+}, Y+;) *_z;
‘}—'y9 X+§, *—z;
y+i x+4, z+4;
X+§, %_Y; z+%-

%_xr i‘_Y: *—Z;

*_y, *—X, Z+*; *—x) Y+§, Z+‘};

Space-Grour D3
Four equivalent positions:
(a) 000; 00%; %%4; 340
(b)030; 300; 043%; 304%.
() 00%; 00%; 3%4%; 331
(d)o%i; $0%; 30%; 04i.
Eight equivalent positions:
(e) 330; $10; 1%0; ti0;
$1%; 3% 1i1h 114
(f) 00u; $%u; 4, % uts; 0,0, uti;
00q; %$%d; 4, %4, 4—u; 0,0, i—u.
(8 O%u; 30u; %, 0, ut+i; O, 3, u+ti;
0%4d; 30T; 40, 3—u; O, 3, 4—u.
(h) u, u+%y }; *—uy u, }; ﬁr *—u: }; u+;) u! };

ut+d, u, 45 uw d—-u, §; 3—-u 4, §; 0, uti, i
Sizteen equivalent positions:

@A) uuo;
du0;
110;
uio;
u0o0;
0u0;
100;
010;
(k) uvi;
vui;
uvi vug;
vig;, avi;
u, u+i, v;

u+i, u, ¥;

ﬁ}%—u;%—v;

*_ur q, V+§;

uui;
dus;
it}
uii;
u0i};
Oui;
10%;
0i3;
vui;
uvi;

@

M

u+4, uti, 0;
i_uy u+*; 0;
*—u) ;_u’ 0:
u+}7 %—u) 0;
u+i, 4, 0;
3}, uti, O;
}—u; '}r 0;
;; ;—ur 0:
v+i, utd, §;
u+;’ }—V, i;
;-‘V, *—ut *;
i_u| V+i: *;
%—U, u, v;
u, $-u, ¥;
u+;‘; G, %—V;
0, u+4, v+3;

utt, uti, §;

}_ur u+i) i;

i_uy ‘}_u: i;

u+i9 *_u, i'

u+ti, 4, &

i utd &

*—u’ *r *;

$ 4-u &

ut+i, v+i, 4

é_v; u+iy *;

*_uy i—V, %;

v+i, i-u, §

4, 4—u, v; ut+} @ v
'}—u) 4, ¥; a, u+}: v;
u, u+*7 *-V; ;-ul u, *—V;

u+4,u, v+4; u, i—u, v+4.
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Space-Grour D (continued).
Thirty-two equivalent positions: .
(m) xyz;  ¥xz; X§z;  yRsz;
yxz;  xyzZ; §xZ;  RyZ;
X ¥ i_z; Y, X *_Z; X, Y, ;-z; ¥ x '}_z;
¥, % 3+ Ry 2+ ¥, x 244 x, §, 243,
x+3, y+4, z+%; 3y, x+4, 244 3—x, 3y, z+4;
y+3, $—x, 2+4;
y+*t x+}; *_z; X+i‘, *_y’ }—Z; *_Y; i—x) *—z;
%'—X, Y+‘}, i’—z;
*—X, i_Y: zZ; y-I'*r }_xv zZ; X+}, Y+i, zZ; '}'—y’ X+i‘, zZ;
-y, 4—x,2; 3—x,y+%, 2 y+i, x+4, 2z, x+4, 34—y, =
Space-Group D.*
Four equivalent positions:
(a) 000; 0%%; 30%;
(b) 004; 0%%; 40%;
Eight equivalent positions:
(c) 0%3; 144 014
48 1L 340
d $14; 0% 2i4;
0t§; 104 01§
(e) 00u; O, % u+i; 4 4, utd; 4, 0, uti;
OOﬁ; 0; }1 }""u; 9’ *; *'—u; ;) 0: i"u-

o

’

’

R AP e N P 0
e O O p W
0oh3 oo oshy oo

Sizteen equivalent positions:

® uit; thd—u §; i tuf;
u+*r }’ g; *’ ;—u’ i) ;—\l, *1 'g; ‘!ll‘};
a4 Lu+d, & uil; iug;
3i-u, 1 & Lutd, 4; u+td 30§ 10i

(8) uuo; u $-u {; 100; -y, u, §;
u+, u, §; u+d, 4—u, $;4—-v, 0, §; 4, u+4, §;
Guo; %, 4—u, {; udo; u, u+i, §;
}—u,u+d, §; 3y, 3—u, };utd, 0, I utd, utd, 4

(h) Ouv; u, §, v+};  Otv; $—u, 0, v+§;

}, u, *_V; u+*; i) i—V; 5; ﬂr *—V; ﬁov;
3, ut+d, v+, ut+d, 0, v+d; %, 3—-vu, v+35 9, §, v+

0) u+§; }—V; u 0 v; 0’ i—ur }—V;}—u, *; %—V.
Thirty-two equivalent positions:
G) xyz; vy, —x, z+%; %yz; -y, x, z+4;

x+4, y, -2 y+3, 3—x, 34—z }—x ¥, i—z; ¥xz;
xyz; ¥, 4—x, z+%; x¥z; y+i, x, z+%;

;—X, Y, *—Z; i"Y- %—X, ;—Z; X+§, }-" %—Z; sz;
x+}v Y+§, z+;; Y+}, i; Z+*; *—X, i—yy Z+§;

¥, x+%, z+%;
x, y+3%, -2 y%I; % 3-y, i—-z; 3-y, x+4, 3—3;
}-x, y+3, z4+%; 34—y, % z+%; x+4, $-y, z+4;
Y, x+3%, z+%;

%, y+4%, 31—2; ¥13; x 4-y, -z y+i, x+4, 3-z



102 THE TETRAGONAL SPACE-GROUP DZ.

Space-Grour DR.*
Eight equivalent positions:
(a) 000; 0%%; 30%; %30
00%4; 03%; 320%; 334
(b) 00%; 0%%; 200; %3%3%;
00%;, 030, 30%; 3%%.

Sizteen equivalent positions:

() 0%%; 13% 01y 10%;
338 33 3% 104
0%3; 134 0%i; 104;
3t 4t 3L t0%

(d) 00u; O, %, u+i; 4,0, uti; 4, 4, utd;
000; O, %, u+i; 4,0, uti; 4, 4, 3—v;
*iu. 0) }) *—'u; *1 0; '}_u; 0’ 01 i_u;
i*n; 0» }r &_u; ;» 0, }—u; 0; 0» u+§-

(e) utt; Ld—u §; 0it; tuf;
ut+h 44 L 3-u i d-u b b ful;
LS H -u, 4 b Lutd b 203
uif; v+, 4 b Lutdh 3tk

® uuo; u, $—u, }; 1a0; $—u, v, §;
u+id, u, §; u+4, $4-v,0; 3—-u,u, }; dui;
u+*; u+}v i; u+}’ uo *; }-u’ i—uv *; ny u+;v *;

u, ut+i, §; utd; 9 4-u, % $-u,utf, 0
Thirty-two equivalent positions:
(2) xys; y, —x, 5+%; 293; -y, x, s+4;
X+}, Yy, *-l; Y+*’ ;—X, '; ;—X, y) *_’; y; X, i_’;
%y s+%; § 8—x, 3+%; x, ¥, 5+%; y+3%, x, s+1;

*—x’ Yy, i_’; i—Y: *—xr *—z; X+§, y) *—l; Yﬂ;
x+%, y+4, z+%; y+i, %, 5+%; 3—x, §-y, 3+4;

s, I+*, ’+};
x, y+%, 1—3; y, %, 8—3; % }-y, }-35; %-y x+3}, 8;
3-x,y+%, 3 3-y % s+%; x+4,3-y,3 ¥, x+4, 544
%, y+3, i—3; 9%%; x, i-y, i—s; y+i, x4+, $—-s
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CUBIC SYSTEM.

THE SPECIAL CASES OF THE CUBIC SPACE-GROUPS.

(1a) 000.

(2a) 000;

(3s) 3%0;

(4a) uuu;
(4b) 000;
(40) 344
(4d) t1%;
(e) 111
(4f) uuu;
(4g) 31 1;
(4b) §%%;
4) $1%;
4) %

(6a) u00;
100;
(6b) $u0;
$10;
(6c) Oui;
0ai;
(6d) $ut;
ad;

(8a) uuu;
uid;
(8b) uuu;

ONE EQUIVALENT POSITION.
(1b) 34 .
TWO EQUIVALENT PosITIONS.

134

THREE EQUIvALENT PoSITIONS.

10%; 043 (3b) $00; 0%40; 004%.
FOUR EqQuivaLENT POSITIONS.

uild; dud; Gdu
340; $0%; 043
400; 040; 004%.
114 1% 0%
$it; ih %
u+i’ }—u! n;
e ith 1
iy 1L 1
it 81t 1
48 8% 111

SIX EqQurvALENT PosITIONS.

i

33

1 u+*y $—u; $—y, q, u+4.
t

i

$

Ou0; 00u; (6e) 040; 00%; 300;
04a0; 00. 30%; 3340; 0331
O%u; uo4; (6f) 03%; t03%; 2%0;
0%a; 004 03%; 104; %io0.
$0u; uio; (6g) $0%; 2%0; 0%1%;
300; 030 $0%; $30; 0%4.
$du; uid;

$30; 044

EIGHT EQUIvALENT PosITIONS.

Qul; u+4, ut+d, ut+i; 3—u, utd, —u;
du; u+td, $—vu, 3—u; 34—y, $—u, utd.
*_uy u, 0; u+*r u+i, u+}; u) u+*: i’-u;

u, 4, i_u; a, i—u; u; u+*) *_u) H *—u7 q, u+§-

(8¢) uuu;
ada;
(8d) uuu;
utt;
(8e) 111;
R &

uilfi; dud; Gdu;
ftuu; udu; uud
Qud; $4-—vu, §—y, $—u; u+t}, $—vu, utd;
Gdu; $—u, utd, ut+s; u+td, utd, 4—u
i 411 11%
iy 1ih 11d
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CASES OF THE CUBIC SPACE-GROUPS.

EIGHT EqQuivaLEsT Posrrions.—Conitnued.

(8f) 0%%;

; 040; 004%;
; 13 1%L
; utd, 4—u, 8; 4, utd, $—u; ¥—u, Q, uti;
; 3—u, utd, u; vy, 3—vu, utd; u+i, v, }—-u
; 130; 30%; 0%3;

; 00%; 040; 300.

; utd, 3—u, @; G, utd, i-vu; 3-y 0, uti;

30%; 3i0;
114 11t

000;
11t
434
311

i—-v, i—y, }—vu; u+i, i-vu, uti; i-vu, uti, uti;

(8k) uuu;

u+i, ut+i, i—u.
utd, 4—u, @; @, u+d, 3—u; i-u, G, utd;

{—-u, $-vu, 1—vu; uti, i—u, u+i; i—u, uti, uti;

(CIVEEE ¥ H
i
Bm)§ii;
1ts

u+i; u+d, i—u
11}
s
iii;
its;

i 1L
it it
i 1
i1 1%

TWELVE EQUIvALENT PoSITIONS.

(12a) u00;
Ouo0;
00u;

(12b) u }0;
Oui;
30uy;

(12¢) u0$;
${uo;
0%u;

(12d) Ouv;
vOu;
uvo;

(12¢) $uv;
viu;
uvi;

(12) u04;
$u0;
03%u;

(12g) uuv;
vuu;
uvu;

(12b) 30 %;
ti0;
0%4;

100;
010;
004;
140;
0Ou4;
304;
LERH
tad;
$iq;
ouv;
v0q;
avo0;
av;
viu;
av$;
104%;
310;
0%q;
uid ¥,
Yuti;
it%u;
$0%;
it0;
0%%;

u+t+i, 4, 4
3, uti, §;
3, 3, uti;
u+it, 0, §;
3, u+i, O;
0, 3, u+i;
u+i, 4, §;
$utd, &
1, 1 utd;
Ouv;
¥0u;
uvo;
tuv;
V4u;
uvs;
u$0;
Oui;
$0u;
du?,
Vﬂu;
uvi;
0%1%;
$10;
$04%;

*—u: *’ *;
*7 i_ur };
i, i) *_u~
}—ur 0: *;
1, 34—y, 0;
07 *7 }‘Il.
;"'ur 0: *:
{i-y0;
0, i' i_m

Otv;
vO0i;
ivo0.
$av;
via;
ivi.
1430;
0a4;
300
ddv:
viai;
ivi.
0%%;
$10;
$0%.
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TWELVE EQUIvALENT PosrrioNs.—Continued.

1056

(12i) u04; 004; u+4, 0, 4; 43—y, 0, %;
iuo; ;uo; ir u+§’ 0; i, *—u) 0;

Oiu; 0}&; 0, iy u+}; 0, i; }"u-

(12j) u30; 030; u+d, 4, 0; 4—u, 4, 0;
Oui; 004; O, utd, 4; 0, 4—vu &;
*Ou; iou: 4’) 0; u+i; }: 07 i—u-

(12k) §0%; #0%; #%%; 114
t#0; 340; %% 14 %;
0ty 0%t 3% 33%;

(a2 3% 414 o0 ot%

131 131 §0%; 110
$#%; 114 t80; 10%.

(12m)ud0; uuol; 4a0; duo;
Out; Ouu; 04d; Odu;
10u; uOu; 40Q; uod.

(120) utid; uug; 0d%; dui; -
fud; duu; $0d; 3du;
3u; udu; 04d; uid

(120) u, $—vu, }; u, u+4, & g, 4—-u, §; 4, u+4, §;
}; u, i_u; *: u, u+}; *r 1, *—u; }: a, u+§;
t-u, $,u; utd i u; -y, § 0; uti, 1, 0

(12p) u, 3—u, &; v, u+d, §; 0, 4-u 4, u+4, §;
Lud-—u %y utd; 10, 4-u; i G, utd;
$—-u, }, u; utd i, u; -y} 0; ut+i, ¢, 0.

(lzq) }_u; u, *; '}—ur }_u’ *; u+*7 u+i) i'; u+}: a, ir
*, *_“1 u; *7 *—u; *—u; i; u+‘!', u+i; i’; u+*: a;
u, *y i’_u; ;’_u) '1'0 *_u; u+*r ir u+*; a, %; u+i’

(121') '}_u) u, i; }_u) i-uy g; u+}r u+§, *; u+'}’ a, ;;
*) *—u: u; *: *-u) *_u; *) u+}’ u+;; ;’ u+%) a;
u §, #-u; 3—vu, § i—u; uty , utd; @, utd

(128) $0%; #%%; 0% 114
$40; 34%; $#0: 33
0t$; #3% o021 4ii

SIXTEEN EQUIVALENT PoSITIONS.

(16a) uuu; u+4, utd, u; u+tid, u, u+d; u, utd, utd;
ul; u+d, i—-vu, 9; u+ti, 9, $-u; u, $—uy, i-y;
fud; $4—u, uts, 4; 3—y, u, i—u; 0, utd, $—u;
Gdu; 4-vu, 34—y, u; -y, §, ut+i; 9, $—u, ut+i.

(16b) +34; §8%; 314 4%%;

14 83% 3L 4%
tid 4L 3 % 4%
iy 34 3% 118
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SPECIAL CASES OF THE CUBIC SPACE-GROUPS.

SIXTEEN EQuivaALENT PosrrionNs.—Continued.

(16¢c) 44 1;
IR H
it
(2T

(16d) uuu;
uiid,;
dud;
DRIRIH

(16e) uuu;
dad;

s 134 i L

114 i) e L

I SEHE SRR £ 1

iy 1% 4L

a1a; utd, ut+d, utd; -y, $—y, }—y;
Guu; u+ti, §—u, $—u; $—yu, uti, uti;
ulu; 4—u, utd, §—u; u+d, 3—u, uti;
uuid; 3-u, —u, ut+4; u+td, utd, f-u
u, ﬁv ;_u; *_u, u, n; ur ;—u: u;

4, u, u+4; u+i, 4, u; u, u+i, 4;

u+'}, u+*r u+*; u+i7 *_u) 1; 4, u+§) ;_u;

$—vy, 4, u+ti;

u—% u—% u—%; 4-u, ut+4, u; vy, -y, ut+};

(16f) uuu;

u+i, u, $—u.
u, @, 4—u; 4—-u, u, 4; @, 3—vy, u;

u+i, u+i, u+d; i-u, ut+i, $-u; uti, 3-u, i-u;

*—u: }—u! u+};

u+4, u+i, ut+d; udd, $—yu, 0; Q, utd, $-u;

*-u) a, u+*;

u+$, u+, u+d; i-vu, u+}, t-u; u+i, -y, i-u;

(16g) uuu;

*_“y *_ur u+*-
u, 4, §_u; i_u: u, 4; 1, }'—u’ u;

-y, i-vu, t—u; u+i, t-u, ut+i; i-vu, utd, uti;

u+i, u+i, $—vu;

u+§, u+iy u+}; u+}: i—'u’ ﬁ; ﬂ, u+*7 i_u;

'}_u’ ﬂ, u+;;

{—vu {-vu t-vu; u+i, -y, ut+i; i-vu, uti, uwti;

(16h) 000;
330;
304%;
0%4%;

(16i) $14;
'R
iis;
ity

u+}) u+*’ '}—u'

-5
"~

R XX H
; 00%;
; 030;
; 300.
3 £ H
R X ¥ §
X ¥ §
; ik

Oojcn Cop-4 Oaf=3 Cap=t AP GO hjos P

00ic0 Gojoo Oop=4 Go3 IMIGH NP njco

e e o e e o
Oojor Gojcn Guled MOD P P e
GIon Gol-T Oop=t P hjod NP hjod
OP'OD-'OH:F#D‘NUN“

Lol
onjcr
oojod

TWENTY-FOUR EQUIVALENT PoSITIONS.

(24a) u 00;
100;
Ou0;
010;
00u;
001;

ut+4, 4, 0; u+4, 0, 4; uii;
*—ll, i; 0; }—u; 0) }; uii;
3, u+4, 0; 3ud; O, u+d, &
3, 4—u,0; 30%; 0, 4—u, §;
$3u; 4,0, utsd; O, 3, utd;
$430: 4,0, 4—u; 0.4, $—u




SPECIAL CASES OF THE CUBIC SPACE-GROUPS.

TWENTY-FOUR EQuivALENT Posrrions.—Conéinued.

(24b) $ 2 vu;
tiv;
$10;
ivu;
uti;
atd;

(24c) 2 10;
0%1%;
{0%;
il
111
i},

(24d) Ouv;
oav,;
Ouv,;
Odv;
vOu;
v0q;

(24e) u0 ;
$uo0;
O%vu;
104%;
{a0;
0%u;

(24f) uo#$;
$uo0;
O%u;
104%;
$00;
0%q;

(24g) uuv;
vuu,
uvu,
uiv,
Yui,
a¥u;

(24h) $00;
0%0;
00%;
$00;
0%0;
00%;

aii;
uti;
tul;
{ud;
oy
ful
ti0;
0ti;
{0%;
3%
14i;
i,
VO0u;
vOoq;
uvo;
1vo0;
u?vo;
ivo;

a4i;
0
$iq;
uii;
fui;
$iu;
u$o0;
Oui;
30u;

“+}1 *: *; *; i’—ut ’;
*_u7 i’ *; }7 u+§: *;

i—ut *: }; *y }1 u+'};

ll+*, }y *; *y *7 }_u;

*y u+*' }; }y *r *-u;

}v i_ur }; }’ *r u+*'

$t0; 1{o0;

0% 084

104 0%

SRR EE]

XIS ET

1) 1%

i, u+§r V+}; }—V, *: u+i;

3 d-u 3-v; v, 4 3

3, utd, d-v; utd, v B

*; i-u) V+}; i—u’ *—V, ;;

V+}, }r u+*; u+*) ;—V, ;;

}—V, i: i—u; i—u» V+}, *'

i"uv 0, *; u+*; ir *;

*; f—uv 0; *: u+§) i;

0: "7 }-u; }: ’) u+;;

u+t, 0, }; -u, 4, §;

*; u+*l 0; }: i—u) *;

0, *» u+;; i) i’: ‘}—ll. ’

u+i, 4, 0; u+i, 0, %;

0, u+4, 4; }, utid, O;

1,0, u+d; 0, §, ut+i;
) i_u) ;: 0; *_u) 01 i;
’ 0; }""u: *; ;9 i_ur 0;
’ i’ 0) i_u; 0’ *, }—'u'
; utd, utd, vid; d-u, utd, d-v;
; vid, utd, utd; d-v, d-u, utd
; utd, vi+d utd; utd, d-v, -y
; utd, 3—u, 4—v: %—u, }—u, V+*;
i d-v, ut+d, d—u; v+d, 3y, d—y;
; 3-u, 4-v, utt; 3-u, v+, i
; 140; 014
; 3410; $04%;

$40; 30%;

$410; 30%;

01%; 0%%;

104; 03

107
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SPECIAL CASES OF THE CUBIC SPACE-GROUPS.

TWENTY-FOUR EquivaLENT PosrrioNs.—Condinued.

(24i)

(24j)

uli;
$uo;
0%u;

}_uv 0, 'l)
43— 0;
0, % 4—vu;

i; u+}v i; '2; }_u: *;

u+t, ¥ &5
}, 1 ut+l;

u10; uuo;
Out; Ouu;
10u; uOu;
u0; 410;
Otiu; OQq;
uld; 60q;

(24k) u, $—u, §;

(24)

4y i-u;
i"’ur *r u;
u+4. 4, §;
9, §, uti;
$ ut+d, o
uoi;

$uo;

0%u;

*7 i'—'u: 0;
}_u) 0: *;
0, }: }_u;

(24m) u, u+i, 4;

$ u, uti;
u+}, i’r u;

}—“, i: *;
;) *; }_u;

u, u+4, §;
1 u, ut+d;
u+, 1, u;
i_uv 0) i;
n) i) i_u;
i’ }—u’ ﬂ;
u+i, 4, §;

4 utd, §;

} 4 utd;
*’ i_u) *;
*-u) i) *;
*7 *, '}—u;
a, }—uy i;
*; a, }—u;
*—u' *r q;

u+*r }_ur 3;
3 utd d-u;
i_u' i) u+*;
u+4, u+ti, §;
}, utd, utd;
u+i, 4, u+ti;

R R H
tai;
$iq;
u+d, 4, §;
1 utd, &
3 1 utd;

9, $—u, §;
30 34—u;
i-u! *’ ﬁ;
u+t+t, u, 1;
u, {, uti;
1, u+ti, u;
}_u) 0; *;
*r }—u: 0;
0' }r *-u;
b uti, &
u+i, 4, 15
$, % uti;
u, *—“7 i;
i’v u, *—u;
i-u & u;

*7 *—u: 0;
'!"'u, 01 i;
01 }) *_u;
utd, 0,
uti, 0, §;
0, { ut+i.

i—ur i-u’ *;
3 4y i-u;
i-u, 4, i—vu;
}'_u: u+§9 *;
;) *—u’ u+};
u+*’ *’ }'-'Il.

9, ut+i, §;
1 0, uti;
u+i, §, O;
*—u‘ u, '})
u, io }-u;
$i-uwu
aii;

tud;

itu;

$ uti, 0;
u+i, 0, ;
0, §, u+i.
a, u+i, §;
§ 9, uti;
u+i, §, 4;

ut+d, i-u, §; d—vu, u+i § udd i
. '*—“y *—u) ";
§ utd, t-u; §, 3—vu, ut+i; § utd, utd;
i’, ;'_ur *—u;
i-vu, §, ut+d; u+i, §, 3-u; u+d, § utd;
. *—ur "" ;"u-
(24!1) u, '*—ll, *; 0’ u+*; i; u, u+*: ‘r ny *—uy *;
*v u, *-u; *’ u’ u+}; *: u, u+%; -*1 ﬂ, *—u;
t—u, 4,9 utd, 4,05 u+d Hu; -y 0
u+s, utd, & -, i-u, §; utd i-u §; o
) *—u) u+i‘: i‘;
§ utd, ut+d; & d-vu i-u; § utd, 3y
. “§ 4—vu, u+i;
u+i, & utd; t-u, §, d—u; i-vu § utd;
, , S outd -



SPECIAL CASES OF THE CUBIC SPACE-GROUPS.
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TWENTY-FOUR EQUIvALENT Posrmons.—Conéinuéd.

(240) Ouv;

(24p) $uv;

(249) uuv;

(24r)

. vOu;

(248)

(24t)

vOu;
uvo;
ulv;
Ovu;
vu0;

viu;
uvs;
utv;
ivuy;
vui;

vuu;
uvu;
adv,;
vaq;
ava;
Ouv;

uv0;

u, i—u, *;
}’ u, *—u;
i—uy *7 u;
0, ut+, §;
9, utd;
u+4, §, 'H
u, $-u, §;
}’ u, i_u;
}_u’ }) u;
i—U, u, };
u, ¢ $-u;
Hi-uuy

0av,
v04;
1v0;
107;
ova;
+10;
$av;
viaq;
avi;
13 v;
vq;
\ALH
ui ¥,
tui;
LR'AVH
tuv;
viu,;
uvi;
0av,;
v01;
1v0;
*—u’})i—vr
},}-V,;—\l;
}—V, *_u)};

Ou?;
¥0u;
uvo;
ulv;
0% u;
¥uo;
$uv;
Viu;
uvi;
uiv;
ivu;
Yui;
du?;
Plu;
utvi;
ulv;
vuf;
ivu;
Out;
¥0u;
uto;

u, u+i, §;
i v utd;
u+i, 1, u;
4, $—u, §;
*r u) *—u;
$-u & 0
u, u+i, ;
$ u, utd;
u+t, i, u;
u+d, u, §;
u, {, uti;
i utd, u;

Odv;
v0q;
ivO0;
10v;
ovi;
vio;
iav;
viq;
ivi;
idv;
ive;
vl
ilv;
vid;
ivi;
uuv;
Yuu;
uvu.
Odv;
vO0d;
ivo;
u+*: *’ V+}, *—u; *r V+i; u+}: *9 *—V;
3, v+, u+d; 4, v+ d-u; 4, d—v, utd;
v+hut+d §; v+h d-u b d—v,utd, b

Q, i_uo *’
*9 q, *'-u;
}—u’ *7 q;
u, ut, §;
i v utd;
utd, §, u;
0, *—uy '};
Lo -y
}-u, '}9 Q;
*—u9 Q, *;
a, *7 i—u;
*1 *‘u) Q;

(24u) uuv; ud?; duv; ddv;

vuu;
uvu;

fui; ¥du;
uvd; dvi,;
;'_u» u+*’ V+};

DRAVH
i—-u, $—y, }-v;

vid,

*—vi *—u’ *—u V+}, i—u’ u+;;

*_u’ ;-V, *—u; u+}1 V+*, )—\l;

4, ut+i, §;
1 9, ut+d;
u+i, §, Q;
u, }-ur *;
*: u, ;_u;
;-“) '}r .
9, u+4, §;
1 9, utd;
u+i, 4, 0;
u+i, 4, §;
9, 1, uti;
}’ u+}! u'

u+4, 4—u, v+i;
ut+d, utd, d-v;

v+4, uiid, *—u;
;—V, u+*r u+i;

i—u’ V+;, u+i;
u+}v }—V, u+;'
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SPECIAL CASES OF THE CUBIC SPACE-GROUPS.,

TWENTY-FOUR EQuivALENT PosrrioNs.—Continued.

(24v) $0%; ; $10%; 13%;
tt0; ; 310; 1%
0%4; I HIEE HIR T H
10%; t1;
$i0; i
0%¢%; R R 5

(24w) $0%; $0%;
tt0; $to0;
0tt; R ¥ 3 H
§01%;
it0;
0%§;

THIRTY-TWO EQUIvALENT PosITIONS.

e we we

o e

-e

Nps h ahs ah i Gak3 M D Goiee Rape
BP0 S0 100 Ga3 RP4 = Oojs A3 e
:‘W&P*:"* Oojos NP4 P

-
S e i ©
00 0ol AP piee
*I:.-‘N-*
O = e
ek O
*‘O"‘

1

(32a) uuu;
uid,;
Gud;
1du;
1d1d;
Gduu;
uilu,
uud;

(32b) uuu;
uild;
dui;
didu;

u+$, uti, u;
u+;7 }—u; Q;
$—vu, utd, O;
*—u7 }—uv u;
}"u: ;—u' a;
i_u) u+b7 u;
u+§) i_ur u;
u+4%, u+4, 4;
u+4, u+i, u;
u+$, $—u, G;
}-uv u+i, Q;
-y, $-u, y;

u+§1 u, u+};
uti, 4, $-u;
}-u, u, }-uy;
i_uv ﬁ, u+*;
}-vu, 4, $—u;
}_u’ u, u+*;
u+}r a, u+ir
u+4, u, $—u;
u+$, u, uti;
u+d, 4, -y;
i-u, u, }-y;
}_u; q, u+*;

u, u+4, ut+i;
u, $—u, }—u;
a, u+*; }—u;
Q, *—u, u+*;
0, }"uy *_u;
4, u+4, u+i;
u, $—u, uti4;
u, u+*y }—ll.
u, ut4, uti;
u, $—u, $—u;
4, u+d, $—u;
ﬂ, ;_u: u+§;

t-v, i—-vu, i—-u; -y, {—-vu, i-u; }-y -y, i-yu;

t—u, {—vu, {—vu;
1-vu, u+i, u+i; v, ut+i; utd; 1-u, utd, utd;

t—v, u+i, uti;
u+*) }_up u+}; u+*, '!—ll, u+}r u+*’ i—u; u+*;

u+i, $—u, ut+i;
u+i, u+t, $—u; u+td, ut+d, i-u; utd, uti, v
u+}; u+*) *—‘L
u, u+4, uti;

u, $—u, —u;

(320) uuu; u"l";r \l+§, u; u+;1 u, u+;:
ud; u+d, 4—u, 4; utd, 4, $—vu;
tul; 3—vu, utd, G; $—u, uy, 3—vu; 0, utd, $—u;
9tu; -y, 4—u, u; $—u, 0, u+4; 0, $—u, uti;
u+4, u+d, u+d; u, u, utd; u, utd, u; utd, u y;
}-u: u+§; i_u; ﬂ, u, }—u; u’ u+§l n; *—uv u, ﬂ;
u+}) *_u; *_u; u, u’ i—u; u, ;—ul “; u+}7 ﬁ, ﬂ;
'}—0, *-u: u+i; 1, 4, u+*; Q, }"'u) u; *—ur 4, u




SPECIAL CASES OF THE CUBIC SPACE-GROUPS.
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THIRTY-TWO EquivaLeENT Posrrions.—Continued.

32d) $11;

ool
Oop
osleo
e s ws s e e

~e

(32)

“e we we wo

.o

Oojcn Gop= Gojcn Oob-3 00jc0 Gajed OBico Gojod OolR Oep=s Oojcd Onion GOIR
Oojcn Oof= O0j00 Gep=+ GoicR CBjeo O0jOF Osjy Gap= OBCO CoiCh GBjod OBf-Y
*W*W**eﬂ“‘*****

. e

onps
Oojer
:H

(32f) uuu;

i

Oop
osleo
Oapa oalo

. -

“e we we e

-e

£ Ooh oolon 00 Os3 Gop-+ Ooicn 09j6d BT Oo3 000D oicd OBl O0jod GBI
0o Oojcn 0op=4 OBR Cojod O2=3 OMf~Y OBf-T Gojco GBY Osp~ Cojch Oojs COICR

-

ﬁmmmwmmmugwmmmm

~e

"
&

“e we we we . e » we we we we
“e we we ws o @ we We we We Wi e we e

.o
-e

| Oofor Oob ool Gebt ookt Onjoo God OB Gep-s GehY OB olcn Gole OBk
Oop= Oop4 00f-1 G5i0) Cojcn Oup-+ Ouf=3 G-I Gojon OnjoO o=+ Oeb-3 ONRR GapY

. wmwwww;ﬂwm:&-wmmw
Oolcr Oop=+ QOO Onk-3 Gojow o+ GBI Gajod OB Oop-4 Oop~4 Gop=t Gojon 00j02 Gofn OO
Gob-2 0op=t Oojcn Osp=+ ojod Gof=d ONISO GojoO OoP~4 OOICA OB-3 OoP~4 Gojco OBiOR OBiGR oy

-e

}_u; u 4; 1, i—ll, u;

t—u, -y, i—-u; u+i, i—vu, u+i; -y, u+i, uti;

u+i, u+i, i-u;

240; 9, u, ut+é; u+i, 4, u; u, u+4, 0;

u+i, utd, utd;
u+t4, uti, utd;
v i-v iy
$-vu, i-u, }—u;

u+i, uti, uti;

t—v, u+i, $—u; u+i, -y, i-vy;

i-_u) }_u: u+*;

u+%, $—u, 4; 4@, u+i, —u;

i—u) a, u+};

u+i, i—-u, u+i; i-vu, u+i, ut+i;

u+}’ u+ir i'—u;

;_u’ u+}) u, u, i—u) u+i;

u+i, u, $—u;

{—vu, u+i, t—u; u+d, t—u, i-u;

t-u, §—u, u+i.

FORTY-EIGHT EQUuIVALENT PosrTIONS.

(488) 11 u;
ti0;
itq;
ttvy;
uti;
1%
aii;
uti;
tui;
{ai;
tag;
{ui;

;o uth, 4 &
’ b_u, *y *;
’ i_uy }) *;
; utd 4 4

$utd &
}: }-uy i;
i %

i butd 4
’ }_ur *: *;
; u+d, 4, 1
; uth 4 8
;- 4 b

}) }_u) *;
i ut+y 4
b utd, §;
i’; }_u’ };
1 utd;
R O '
*7 }’ i""ll;
1 1 uti;
i i-vu;
1 1 utd;
11 utd;
*: i’ *—\l.



SPECIAL CABES OF THE CUBIC SPACE-GROUPS.

FORTY-EIGHT EquivALENT PosITioNs.—Conilsnued.

(48b) Ouv;
0d¥v;
Ouv;
0dv;
vOu;
v0d;
v0u;
v,
uvo;
avo0;
uvo;
ivo;
u00;
400;
0Ouo0;
0u0;
00u;
001;

(48¢)

3 utd, v
%7 *_u) v
3, utd,
%’ b_u: A2
vy 4 u;
*—V, i: a;
%’—Vy ;: u;
V+%7 ;’ a;

u+i, v+4, 0;

i—u) }—V,
u+;: i—V,
i_u’ V+},
u+i, 4, 0;
‘}—uv i; 0;
1, u+i, 0;
4, 34—, 0;
$iu;

iq;

4, u, v+4; 0, utd, v+i;
}; a, i—V; 0’ ;-u) }—'V;

¥, 4w 3—v; 0, utd, 3—v;

*: a, V+*; 0) *_u; V+*;

0
0;
0

v+, 0, uti;
1-v, 0, 3—u;
3—v, 0, u+i;
v+, 0, $—u;
u+*’ v) *l
I Tl A A H
u+i, ¢, §;
’ *-u’ v, };
u+i, 0, §;
*—ur 0; ;;
$ui;
1ay;
3, 0, u+i;
$, 0, 3—u;

v, §, u+i;
v; }: *_u;
7, 3, utd;
v, §, $—u;
u, v+4, §;
ﬂ, ’—V, *;
u, b—V, };
4, v+4, &
uti;

044

0, u+i, %;
0, $—u, §;
0, %, u+i;
0, % 3—vu;

*-u’ }; *;
u+i, 4, 4
}7 }_u’ };
bhuth b
bit-vu
}y }, u+};

(48d) uuv; uiv;

vuu; Vui;
uvu; QVvu;
u+i; u+*: v;
v+3, u+ti,
u+§’ V+i’ u;
u+4, u, v+4;
v+4, u, uti;
u+4, v, uti;
u, u+i, v+4;
v,u+$, u+i;
u, v+3, u+i;

*_u) *) *’
u+i, 3 4
*7 *"u: }:
ut+i b
1 t-u
1 1 utd;

t-uw i &
ut+d, 4, L
i-u i
Hutd &
*: }r '}'—u;
H i utl

}_ur *; i;
u+t, 4 &
Hi-uw i
bhutd §;
}’ '}, i_u;
34 utl

duv; ddv;
fidu, vid,
uvid; avi,
u+§:*_u7

i—u, d-v,u;
u+;: ﬂ, }—V;
i—V, u, i—u;
3-u, ¥, utd;
u, i_u! *—'V;
v; u+;’r *—u;
q, ;—V, u+§;

v; *_u; ll+}, v
u; $—v, u+}’ a;

$—v, -y, u;
u"l"*y *—V,
3—u,u,3-v;
*—V, ﬁ, u+;‘;
u+}v v, %_u;
u; u+*) ;—V;
¥,4—u,ut+i;
u,3-v,4—u;

’ ;—u; i_u: V5

V+;; *_u, a;

1; 4—u,v+i, 0;

$—u, 1, v+i;
V+ir a, ;_u;
i_ur v, *—u;
g, §—u, v+};
v, 4-u, §—u;
a, V+§, '}—u;

(48¢) u00;
0u0;
00u;
100;
010;
004,

uti, 3, 0; u+i, 0, §;

3, u+i, 0; tui;

$iu;

i_us *: 0; 5—

3, 0, u+i;
u, 0, %;

i’ '}—'u» 0; }u;;

1iq;

u+;r }’ %; u04;

3, utd,

Oui:

*7 01 ‘}_u;

uio;
00 u+i)

uti;

0, u+4, 4;
0, 3, uti;
0i4;

0: i_u: };
01 *: }_u;
u+i, 0, 0;

0; $u0;
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% 4 utd; 0,0, utd; O%u;

$0u;
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*9 }_u: }; 0“*; 07 ;—ll. 0; }00;
$—vu 4, %; 004 2340; 4-—u, 0, 0;
*: i) i_u; 0: 0’ *-u; Oiﬁ; *0ﬁ~
(48f) ua0; u+4, 4—u, 0; u+4, 0, 4% u i—u §;
Oud; 4, utd, 0; 3 u 4—-u; 0, uti, $—u;
a0u; 4-u, 3, u; $—u, 0, u+i; 4, 4, ut+i;
uu0; u+4, u+y, 0; u+tdu 4 u utd, §;
Ouu; 4%, uti, u; %, u, u+4; 0, utid, utd:
ulu; uti, 4, u; u+4%, 0, u+%; u, 4, uti;
ﬂuo; %—u.: }_u} 0; *—u) u: i; ﬂ, }_u) ;;
Ouu; *; *—ur ﬂ; i: n: }'—u; 0’ *—uy ;_u;
ﬁon; ;—u; ;! ﬂ; *_u’ 0! i_u; u} ;, i-u;
2u0; 3—u,u+4,0; 4—u,u, 4; 0, utd, §;
ouu; *; *—u: u; *1 u: u+*; 0; *_u; u+'}:
uld; u+ti, 3, 0; u+4, 0, 4—u; u, 4, $—u.

(483) uﬂ'}; u+*’ *'—u: *; u+§7 ul 0; u, i—u: 0;
$ud; 0, uti, G; 0,u, 4—u; %, utd, 4—vu;
a3u; $-u, 0, u; $—u, §, u+3; 9, 0, ut4;
uud; utid utd, §; utd, v, 0; vy, u+i, 0;
$uu; 0, uti, u; 0, u, u+4; 4 uti, uti;
utu; u+ts, 0, u; u+4, 4, u+i; u, 0, utd;
qi4; 4—u, 34—u, 4; 4-u, 4,0, @ %—u 0;
$01; 0, 43—y, 0; 0,8, $—u; 4% $—vu, —vu;
ﬂiﬁ; *_u) 0’ ﬂ; }_u) }) *—u; n) O: *—'u;
ﬂui; *_u; u+is }; i_u’ u, 0; ﬂ, u+}) 0;
$du; 0, 3—u, u; 0, q, ut+4; %, #—u, uti;
u*n; u+§, 0’ u; u+*7 }7 *_u; u, 0} ;'—u'

(48h) u, }—ur *; u, u+*v i’; ﬂ, *—u9 *: ﬁ, u+'}r *;
*) u, i_u; '}, u, u+*; '}) n’ *‘u; *’ ur u+*;
t-u, b u; utd fu; t-u, 0 utd b O;
u+d, i—-u, §; utdut+d i d-vu, i-u, §; d—vu,u+i §;
futd i—vu; Lutdutd; $4-u, i-u; §4—u,uti;
-v, $uy;, ut+dh f,u; i-u b 0; utd §0;
u+4, i—-u, §; ut+dut+d i d-u,di-u ¥ v, ut+d §;
5, u, '}_u; *; u, u+}; *r nr *—u; ir ﬂ, u+};
*_ur *x u+*; u+}y ir u+i; *—u’ *’ *_u; u+}: }) i_u;
u, * -u, 5» u, ll+}, i’; ﬁ, *-u} i; ﬂ, u+}’ ’;
tutd, i-u; §,utd utd; 3 4-u,i-u; §,4—u,uti;
}_u, i’p u+*; u+*; *; u+;; }_u; i" *_u; u+*’ ") i—u'

(48i)) $00; $40; 30%; 133
$00; 240; 104%; 2%%;

0%0; 3%0; 314 0%
. 030; 330; 434; 0%4:
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(48))

(48k) uuv;

(481)

00%;
00%;
10%;
it}
0t
ith;
tio0;
1ty
Ouv;
vOu;
uvo;
10v;
ovdq;
v10;
ouv;
¢01q;
a+v0;
ulv;
Ovu;
vu0;

1 e
R X T
tE EH
{o};
il
01l
ti10;
iy
Ouv;
¥0u;
uvo;
10v;
ovd;
vio;
Oldv;
vO0;
avo0;
ul¥v;
0¢u;
Yuo;
duv;
viu;
uvi;
duv,;
utvi,;
Vlu;
ddv,
viad,;
avi;
uuv;

vuu;
uvu;
aav,;
ava;
vadq,;
uiv,
Yul,;
avu;
uiv;
ivu; uvu;
vuil; Vuu;

u, utd, $;

u, $—uy, §;

$0%;
30%;
$0%;
i
its
0t4;
X HIEEE
$10; %0

3, uti, v+4;
v+i, §, utd;
u+t, v+4, §;
}_uy *) *—V;

i; i—vs %_u;
}_vl &'—u; i;

}v ;—uy *—V;
$-v, §, 4—vu;
}-u) i_vr i;
u+i, 3, v+3;

3, v+3, uti;
v+3, u+i, §;
u+*r u+'}v V+§;
v+3, u+i, utd;
u+4, v+4, utd;
3—-u, 4—u, §-v;
3—u, $-v, —u;
3-v, 3—u, t—u;
u+i, 3—u, $—v;
*_V, u+i; *—u;
*—ll, }—V, u+;;
u+i, 3—u, v+4;
*_u: V+}, u+*;
V+i, u+*) i_u;

0%%;
0%1%;
tEE T
{04%;
0%%;
$4id

4, u+id, §;

3 utd, 3-v;
*—vv ;, u+*»
uti, $-v, §;
i-vu }, v+
3 vid b
V+}, ;_u) };
3 3-u, v+
V+}, i, *_u;
;—u: V+i, *;
u+§r ;r ;-V;
$ 4-v, utd;
}-v,utd, &
i-vu, ut}, v}
v+i, $-u, ut;
u+4%, v+4%, i—u;
;—u) u+i: }—V;
u+*’ *—V, 3—u;
;’—V, *_uy u+};
$-u, $—y, v+§;
v+4, i—ur *_u;
i—u: v+*y i—u;
u+}) u+§, }—V;
u+}) *—V, u+};
i—V, u+ir u+;'

1 u, uti;
u+it, 4, u;
u+i, u, 1;
u, {, uti;
1 u+ti, vu;
4, $—u, §;
19 3—u;
*_ur i: n;
;_uy n; *;
u’ *r }_u;
ir i_u’ n;

oy d-yu;
*—u) *’ uj;
}_u) u, *r
u, *r i—u;
*: }—u’ u;
4, u+4, §;
1 0, u+tid;
u+i, 1, G
u+t, 4, §;
4, §, u+ti;
1 u+i, 0;

i 9, utd;
u+i, §, 4;
u+, 4, §;
4, 1, ut+i;
1, u+i, 0;
u, i-u! *:
b d-u;
i—uv }' u;
i—u; u, };
u, *’ ;_u;
4y, u;

4, $—u, ;
49 3—u;
*—ur *1 n;
*—u) n: *;
ﬂ, }7 i—'u;
}’ }_u; ﬁ;
u, ut+i, §;
i u, utd;
u+i, 4, u;
u+, u, §;
u, {, utd;
% utd, u;




(64a) uuu;

tu0;
0%u;
i) }—u: 0;
}_u) 0) *;
07 *: }—u;
90¢;
$a0;
0%a;
1 utd &
u+}; *) i;
4, 1 vt

(48n) u, u+i, 1;

by utd;
uti, 3, u;
u+*; }_ur i;
i) u+*) }—u;
}_ur i’ u+§;
Q, '!_u) i;
i: q, i—u;
i—u) *1 q;
-y i-u
ir }-u! }_u;
i-u iy

utd, §, &
Lutd
3 4 utd;
'}7 *—ur i;
*—u: i: *;
*1 *7 i—u;
i_ur *: *7
ir *—ur };
i, }’ }_u;
t uti, 0;
u+i, 0, ;
0, §, u+ti;
a, i"‘u; i;
*’ Q, }—u;
}—u’ *; UH
*—ur u+*) *;
'}’ i—u, u+};
u+i) i, *_u;
0, u+i, §;
8 0, uti;
uti, §, 0;
3-u,ut+i, §;
$i-u ut};
u+*’ i; *_u;
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}—u; 09 *;

*i *—u’ 0;

0; *’ *_u;
butd §
ut+d 4 &

} % uti;
ui;

ful;

1iu;

}r *—u: 0;
*_u) 0’ }:

0, % ¢—u;

u, '}_u’ i’;
i) u, '&—u;
vty
u+t+d, uti, §;
$utd uti;
u+i, §, uti;
utd, i-u §;
*v u+;r *_u;
*—'u: *; u+i;
u, }—ur &;
hui-u;

}—u’ "5 u;

SIXTY-FOUR EQUIVALENT PosITIONS.

idd; duu,;

utid; dud; ddu;
uui;

ulu;
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(48m)u01;

a}1;

tug;

$iq;

1 u+i, 0;
u+i, 0, %;
0, §, u+ti;
u+ti, 0, ¢;
1 ut+i, 0;
0, {, uti;
*; i—u) };
t-u, 4, &
*: i) i'_u'
q, u+i, §;
$ 0, uti;
u+i, 1, 0;
$-u, i-vu §;
$i-u i-u;
*_ur *7 ;—u;
u, ut+i, §;
% u, uti;
u+i, §, u;
u+4, u+i, §;
$, ut+i, uti;
u+*; %: u+}-

$—u, }—u, $—vu; }—vu, u+} utd; uti, 21—y, utd;
u+4%, u+4, —u;
u+4, u+d, ut+d; u+td, -y, $-u; 3—vu, utg, —yu;
$—u, $—u, uti;

u+4%, u+i, u;
}_u’ }_u) ﬁ;
q, 9, $—v;
u, u, u+4;
u+4, u, u+i;
5—11, ﬂ, *_u;
ﬂ, i_u: ﬁ;
u, u+4, u;
u, u+4, uti;
4,4—u, }—y;
}—u: u: ﬂ;
u+;’ u’ u;

u,+&; }_u! u;
*—uy u+i: u;
4, u, uti;
u, 4, $—u;
u+*’ n: ;_u;
i—ur u, u+;;
4, u+i, u;
u, $—u, 4;
u, *_ur }—u;
9, u+4, u+ti;
$—u, u, u;
u+4, 4, 4;

}_ur u+}: q;
u+4, 4y, u;
u, 0, ut+d;
Q, u, }_u;
}_ui u, i_u;
“+*: a, u+§;
u, $-u, y;
4, ut+d, 0;
a, u+ir i—u;
u, $-u, ut+d;
u+i, 4, u;
}—u: u, 4;

i_u’ i_u: u;
u+4, u+4, 0;
u, u, $—u;
4, 0, u+i;
*—U, ﬁ, u+i;
u+§: u, *—u;
u, u+i, Q;
4, 4—u, u;
ur i—u: u+*;
u, u+§: ;—u;
u+i, u, 1;
34—y, 0, u.
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(64b) uuu; uidd; dud; ddu;

-y i-vu, i-u; u+i, i-vu, u+i; t—u, ut+i, uti;
u+i, u+, i—u;
{-v i-u, {—u; i-vu, uti, ut+i; utd, i-u, uti;
u+i, u+i, i—v;
u+iy u+*9 u+*; }_u’ u+” i—u; u+}) *-u: i_u;
*—uy *_u; u+*;
u+4, utd, u; utd, —-u,1; 3—-u,u+d, 0; $—u,$—-u,u;
*_u: i—u, }—0; u+*r *—u) u+*; *—\l, u+i7 u+*;
u+*r u+*1 }—u;
i—v, t—v, {-vu; i-u, u+i, u+i; u+i, t-vu, uti;
u+}9 u+}r *—u;
u, u, u+i; ﬂ, u, }—u; u, ﬁ, i_u; ﬁ) n: u+*;
ut+4, u,u+4; u+d, 0,4—u; 43—y, u,$—-u; $—u, 0,u+ti;
{-v, -y, {—u; uti, t—u, ut+i; i-vu, ut}, utd;
u+*: “+i: ‘!'-ll;
i—-v, i—-u, t—-u; i—-vu, u+} u+i; uti, i-u, uti;
u+i, ut+d, t—-u;
u, u+}: u; ur u+*r n; u, }_ur ﬂ; 0, *—u; u;
u,u+4, ut+4; u,4-vu, $—u; 0, u+4, $—u; 4,4-u, ut+s;
t—v, -y, {—-u; u+} t-u, u+d;  i-vu, uti, uti;
u+}) u+*’ *—u;
-y, i-vy, }-u; i-y, ut}, u+i; u+i i-vu, uti;
u+*; u+*r }-u;
ut+4, v, u; 4-u, v, 8; u+4, 0, 0; $—u, 9, u

NINETY-SIX EQurvALENT PoSITIONS.

(96a) Ouv; 00d¥; Ou¥v; Odv;

vOu; v0d; ¢0u; vOQ;

uv0; 4%0; uv0; dvo0,

40V; ulOv; 40v; uol¥v;

0vd; Ovu; Ovid; OVu;

vd0; vu0; vid0; ¥uo;

%r u+}: A8 *7 }_u: v }: u+*s v; i: *_u; v,
V+;‘, i» u; }—V, }; Q; i_vr *1 u, V+§, ;r Q;
u+}. V+*, 0; }_us }—V, 0; u+*’ )—V, 0; *—u) v+}r 0;
$—u, 4, ¥; uti, 4, v; -y, 4, v; u+t, 0, ¥;

3, ;-—V, q; }7 V+i, u, }’ V+*, a; i: *—V, u;
i-v, i—u: 0; V+}, u+*r 0; V+;, *-ur 0; %-—v, u+*' 0;
huvil, 3, 0,3-v; Yuid-vi 30 vid
v+4, 0, u+§'; *—V, 0, }_u; ;—V, 0, ll+*; V+*, 0, *—u;
u+i: v, i; *_u; \f) ;; u+§: v, *; }—u’ v, ;;
}_“: 0: *—V; u+;’, 0’ V+‘}; }_u) 0, V+}; u+§; 0: *—V;
L od—u fvyutd; hv, d-u; 4,0 utd;
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(96b) uuv;

(96¢)

;—V, Q, *’
0, u+4%, vi4;
v, 4, utid;
u, v+, §;
a, i) *—V;
0,3—v, }—u;
v, *—uv };
uilv,;
Yui,
vy,
uilv;

vuu;
uvu;
aav;
aiv4; dvu;
va4; vui;
u+i, u+i, v;
v+4, u+d, u;
uti, v+4, u;
*-ul }—u) v;
*—uv }—V, Q;
*"'V) 3—uy, Q;
u+4%, u, v+i;

v+3, u,uti;
-u+$, v, u+4;

i—u’ 1, }—V;
’—uv v) i—u;
$—v,0,3—vy;
u, ut+4, v+4;
v, u+i, u+§;
u, v+4,u+i;
ﬁ, i—U, i_v;
4, 4-v, 4—vu;
¥, 4—u, $—u;
uuo0;
Ouu;
ulu;
a40;
101;
oad;
-y, }—u, §;
$, v, $—vy;
$—vu, § 3—v;
u+%, uti, §;
uti, 4, uti;
3, u+d, utd;

v+i, v, §;

0,4—u, $—v;
v’ i’ i'—u;

4, 4-v, §;

u, §, v+i¥;

0, v+4%, u+i;
v, ut+, §;

duv;, ddv,
¥du; vid,
uvi; dvd;
duv;,; uu?,;
uvid; uvu;
viu; Vuu;
u+*» i_u) V;
$—v,u+4, 4;
-y, 3-v,u;
u+t, 4—u,v;
$—u, v+, u;
v+4, uti, 4;
u+}: 1, ;—V;
1-v,u,4-y;
*_ur vr u+};
u+i, 4, v+3;
;—11, v, u+;;
V+*, u, *_“;
u, $—u, }-v;
v: u+*r i_u;
a, }—V, u+;;
u, $—u, v+4%;
4, v+4%, ut+d;
v, u+}' }—“;

uti, u, §;
3 u, utd;
u+i4, 0, u+%;
i_u’ u’ '};
}—\l, 0, *—u;
i’ a, ;—\l;

u: ;_u’ 0;
0, ‘}—ﬂ, ﬂ;
a3q;
u, u+4%, 0;
uju;
0, u+4, u;

v+i, 0, §;
07 u+*) i—v;
¢ 4 utd;
u, }—V, i;
4, §, v+4;
0: V+%, ’}_u;
v, 4—u, §;

3—u,u+ti, 0
$—v,3—u u;
u+}; ;—V, Q;
$—u,utid,v;
u+i, v+4, 4;
V+*r *—u: u;
}_u: u, ;—V;
*—V, u} u+*;
u+*: v) }_u;
$—u, u,v+i;
u+}: v, i—'u;
v+i: 1, u+*;
ul u+i: }-v;
¥.4—vu, uti;
u, *'—V, ;—\1;
4, u+4, v+i;
u, v+4, $—u;
v, *—uy u+*;
uio;
Oud;
10u;
du0;
0ldu;
uli;
$—u, uti, §;
%, 4—u, uti;
u+*; }9 *—u;
u+*7 }—ux ‘};
;r u+§, *_u;
$-u, §, uti;

}—Vr u, i;
0; i_ur V+};
v, ;: i—u;
§, v+4, §;
u, ir }_V;
0) *-—V, u+};
v, u+i, .

-y, i-u,v;
v+}r i—u: ﬂ;
$—u, v+4,0;
u+%, uti, v;
u+i’ ;—V; u;
*—V, u+}; u;
*-ua a, V+*;
v+4, 1, 4—u;
-y, v,3—-vy;
u+d, u, i—v;
u+4, ¥, uti;
$—v, u,u+i;
ﬂ, }—uy V+},
v,{—y, {—u;
u, V+*, *_u;
u, u+4, i—v;
u, ;—V, u+*;
v, u+4, u+i;

u+i, 9, §;
*9 u, *—u;
$—u, 0, u+i;
-y, u, §;
*’ 1, u+§;
u+}! 0, ;"u;

a, u+}r 0:
0’ i_u: u;
ut;
u, }_u: 0;
0, u+i, 4;
d3u;
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u+4, u+s, 0; u, u+ti, §;
3, u+d, u; 0, u+d, u+d; 4, u+td, 0; O, utd, 4—vu;
utd, 4, u; u, 4§, utd;

%_u; }—u, 0; ﬂ; *_u, *;

i—u: *’ Q;
*’ i_ur Q;

aa4i;

0' n, }""u;
4,0, $—u;

uui;

u, 0, u+4;
0, u, u+4;

(96d) uv;
tuv;
viu;
va4§;
uiv;
{vq;
uvi;
{uv;
Viu;
vil;
atv;
ivi;
ivi;
v,
vii;
vul;
ut¥v;
t R AN
avi;
tav;
viu;
vui;
uiv;
fvu;

(96e) uuv;
vuu,
uvu,

n) *: }-u;
0, $—u, $—vu;

$—u, 9, 0;

$aq;

i_u) 0) Q;

u+i, u, 0;

tuuy;

*-uy }—V, };
14—y d-v;
*—V, }) }—“;
v+i, utid, §;
u+it, &, v+i;
$, v+4, utd;
*-u: v+*y *;
3 -y v
V+}v *7 ;-u;
i—V, u+}1 *;
u+}’ }r *—V;
1 d—v, utd;
utd, 4-v, §;
*r u+*’ ;‘—V;
}—V, *7 u+§;
V+iv i—u: };
*_u) }r V+};
*’ V+*, }-u;
u+i, v+, §;
*; u+§v V+};
V+*7 i: u+i;
i_v, i—ur *;
i-vu ¢ 4-v;
Hi-v, t—vu;
uil?®;, duv;
$uid; vidu,
1V u;

u+ti, 0, u;

adv;
vid,;

uvia, v,

u+i$, 3—u,

3—uy, §, u;
*_u; u'+i7
$, 4—u, u;
u+i, 4, 4;
tui;

0, 1, u+i;
u, 0) i_u;
ui é;

0, u, $—u;
4, 0, ut+i;
3 utd, v
v+d, 1 u;
*_u’ *v v;
}) ;-V, ﬂ;
 utd, ¥
i—V, *r u;
;—uy *: v,
$ v+i, 05
}s }—\l, v,
\ax K R'H
u+4, }, ¥;
i: *_vl u,
*’ i_u, ‘-';
i—v! *’ ﬂ;
u+, 1, v;
1 v+i, u;
*’ u) *'—V;
v) *o i"u;
u, §, v+i;
1 v, uti;
1 0, v+
v, }r *_u;
u, *r *—V;
$ 9 utd;

0; u, $—u, %;

9, 4, uti;
0; 0, uti, %;
0’ ;—u: u+*;
u, *1 ;_u;
*—'u) u, 0;
$du;
u+i, 0, 0;
u+i, 4, 0;
$ud;
i_ur or u
}1 u, *—V;
v % utd;
4, §, v+4;
1 v, 3—u;
i u, vii;
v, §, u+i;
Q% 3-v;
}v vy }-u;
utd, v, §;
i_v' nr }:
u+d, 9, 1;
v+i, 0,
i-u, v, §;
$—v.u §;
}_ur vr *;
v+h, u, 1
ﬂ, }—V, ’;
v, u+#, §;
a, v+4, §;
¥ utd, §;
u, *—V, };
v, }_ur *;
u, v+4, §;
ﬂ, i—u; i'

t—-u, -y, }-v; u+ti, i—u, v+i; i-u, u+i, v+i;

u+i uti, i—-v;

i-vy, }-v, 1-u; i-u, v+}, ut+i; u+i, v+i, i-u;

u+i, i-v, ut+i;
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(961)

t-v, i-u, t—vu; v+, utd, i-u; v+i, i-u, utd;
*—V, u+*s u+};
u+4, uts, v; utd, 3—u, ¥; $-u,ut+d, ¥; 4—u, 3—u,v;
v+d, utd,u; d—v,u+d 4; $-v, 38—y, u; v+4, 4—u,0;
u+}7 V+*, u; *—ul ;‘—V, u, u+*s *—V, ﬁ; ;'—ll, v+}r n;
}-u’ *_u’ }—V; ll+'i’, i—“) V+i*; *_u, u+* V+};
u+*r u+*’ }—V;
-y, $-v, t—u; 31—y, v+i, uti; u+ti, v+4 -y
u+*y *-V9 u+};
*—V, *_u; }—u; v+*i u+'}) *—u; V+*; i_“y u+};
*—V, u+*v u+i;
u+*; u, V+*; u+*; ﬂ, }—V; *—ﬂ, u, ;—V; }_uv 1, V+§;
v+i,u,utd; d-v,u,4—u; 3—v,0,ut+d; v+4, 6,4—u;
u+*y v, u+*; *—ur vr u+§; u+‘}' v: }_“; }_ur v, i—u;
i'_“, }"u’ *—V; u+'}’ *_u: V+*, '}_u’ “+}; V+'};
u+i, uti, $-v;
i-vu, t-v, i-u; i-vu, v+i, ut+i; u+ti, v+i, -y
u+*v *_vy u+*;
{-v, i—v, i-u; v+, uti, i-u; v+i, v, utd;
i{-v, u+i, uti;
u, u+*r V+*; u, }_uy ‘}—V; u; u+'}, *—V; ﬂ, i-ur V+*;
v,u+%, u+4; ¢,ut+d, 4—u; %,4—u,uti; v.d—y $—vy;
u, V+}, u+}; 1, }—V, u+§; u, i—v' ;'—u; a, V+*, *_u;
t—v, i—v, i-v; ut+i, i—u, v+i; i-u, uti, v+
u+i, u+i, i-v;
i-v, {-v, i—u; t—vu, v+§, uti; u+tid, v+, -y
u+}r *—V, u+*;
i-v,4-u, 3—u; v+, uti i—u; v+i, 31—y, uti;
i-v, u+i, v+
ui-u, 4 wutd i O i-u 5 4, utd
Luyi-u;, Huutd;, £ 4 i1-u;  } 0 utd;
i'_uy iy u; ll+i', i’ u; *—u’ i; ﬁ; u+§, *’ ﬂ;
ut+d, i-u §; utdu+d & d-vu, i-vu §; d—u,uti
fLutd, t—u; Hutdutd; § 34—, i-u; §3—-uuti;
*_“) i’) u; u+}; i: u; '}_u: i; a; u+}o i’: i;
u+t, 3—u, §; utdut+d & v, t-u ; 3-u,ut+i §;
Lui-uv; HLuutl; 9 i-u;  § 0, utd;
*-u, *r u+*; u+*: i’ u+*; *'—u) '}7 }—u; u+i’ i’) i_u;
wi-u§ wutdh & 9, i-u ;0 utd §
hutd, i—u; futdutd; §i-u i-u; 4, 3-uut};
*—u, &: u+}; u+'}) iy u+*; *—ur i; }_u; u+*r &: *_u;
}—u, u, i; u+*; u, i; *—'ur ﬂ, i’; u+*’ ﬂ, i;
w$i-u;, uw futy; 0, f i-u; Qfoutds;
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NINETY-SIX EQuivALENT PosrrioNs.—Continued.

ti-v,u; Hutiu §i-u 0; f utd GO
{-vu+d, & uwt+dhuth §; i-u d-u §; utd i-u i;
ut+d, b i—u; ut+d, Lutd; d-vu $,i-u; -y §,utd;
$i-vu; Hutdhuwy 4 i-u 0; § utd 0
*"'“: u+*) i'; \l+*, u+i’ "'; }—uv ;—u, i'; u+i) }_u) 5’;
un,§i-uv; uwhutdy; 0,4 3i-u; 0§ utd;
*7 *"’u) u+}; i; u+*; \l+i; 'L i_u: i—u; }: u+}, i—u;
-y, u § uwtbhu i, i-ua ¥ utd o f;
u+}: *7 !—u; u+)v i; u+}; }—\l, i’ *"u; *—ur }; u"l‘};
$i-u,utd; futdutd; L i-u d—u; Lutdi-u

(96g) u00; ut+d, 4,0; u+d, 0,4  udi;

000; $4—u, 4,0;, 4-u, 0,4 0}4};

Ou0; 3, ut+sd. 0; dui; 0, u+i, §;
010; },4-v, 0; 304 0, —u, §;
00u; $iv; %, 0, ut+d; O, %, uti;
00'0; ;*ﬂ, io 0’ *_u; 0) *y }"u;
*; }-ur }; *; *"uy i‘; *r }"'uv *; }, }—uy %;
butdh &5 Lu+d y;, Hu+bh b Lut+dh b
*—u’ }) *; '}—ul *; *; *_ur }1 *; }_ur *y '};
ut+h 44 w3 b uwtHi b h w1 4
*7 *: }—u; *7 }’ }_u; *, *) *'—u; }) '}, *—u;
Hhutlh, L iu+d Lt udd; 43wt
*‘u! *; *; }_u’ *, *; }-u’ '!’ *; *-u! }7 };
w+d 4,4 uwi by wtbh b h uwHi b L
!: *—ll, *; is *-ll, *; *) *—u’ }; *r *—u: };
butdh & tu+t 3 Lu+d b L ut+b b
‘!’y !’) *"u; *v *’ *"u; *1 !’i }-u; *v *’ i—u;
Lbut+d;, Hbuty L budl 44wt
3, ut+d, 4; Oui; 0, u+4, 0; 3uo;

$,4—u, 4; 004 0, 4—u, 0; %10;

ut+d, 4, 4; uoid; uto; u+4, 0, 0;
$-u, 4,4 1003 140; $-y, 0, 0;
$, 3, u+d; 0,0, utd; Oduy; $0u;

$,4,4-nu; 0,0, 4—u; 0%4; 3040;

(96h) u, 3—-vu, }; wu+i §; O, t-u §; 0, u+td,
huyt-uw;, Huutd; §H 9 $-u; o} 04 utd;
*—u’ *r u; u+*v i’: u; }_u’ ir ﬂ; \l+}, i; ﬂ;
u+h, i—-v, §; utdu+d §; d-u,i-u§; 3-uu+tid;
g: u+*s }-u; %; u+}v u+*; *) }_ur i-u; it *"u; u+%:
{-v, v, uti b uw; i-u 0 utl b
ut+d i—-u, §; ut+du+d i d-ui-u ¥ d—uuti i
*1 u, '}-u; *: u, u+}; ir a, i"‘u; i, 4, u+i;
i—-u, }ut+d; utd, Hutd; v 3-u; u+ti id-v;
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u, *_u’ "; u, u+}» 'l'; u} *—u’ 'l'; uf ll+}, ";
*: u+i! *_u; i’r u+§’ u+}; *: ;_u, *_“; *: i_ur \l+};
i_u) {', u+i; u+*: i’» u+i; }-uv i: i-“; u+*r iv i—u;
-uut+d, & utbutd § t-u d—u ¥ uthi—u ks
utd, §,4-vu; utd fut+d; d-u ti-v; d-u § utd;
Li-uutd; butdutd; i-u d—vu; §utdd—u;
t-v,u 5 uthud t-uwu g w0
u, *r *""u; u, '}v u+}; ﬁ, ir *—u; ﬁ, *r u+i;
*: }_u’ u+’; '}) u+*» u+*; i’ }—u; }—\l; *7 u+}; *—\l;
*—0, u, *; u+*: u, i; *—ur ﬁ, i; u+*’ ﬁ, *;
u+§; *; }—u; u+*) i; u+*; *_uv '}: }—u; ;_u) *’ u+*;
i» *—ll, u, i, u+*r u; lr }_ui n; i’v u+*, ﬁ;
i-u) u+§: }; u+*, u+*, '}; }_u’ i_u) *; u+*! ;—uv i;
u, *’ *-u; u, i: u+*; ﬂv ir }—“; ﬂ, i’ ll+*;
Hi-vyu; Futhup §i-v 9} utd O
A. TETARTOHEDRY.
Space-Grour T
One equivalent position:
(a) 1a. () 1b.
Three equivalent positions:
(¢) 3a. (d) 3b.
Four equivalent positions:
(e) 4a.
Siz equivalent positions:
) 6a. (h) 6e.
(g) 6b. (i) ed.
Twelve equivalent positions:
() xys; x§%; %y2; %9s;
xy; Ix§; IRy, =Y,
y=x; §2x; yIX; JzR.
Space-Grour T2,
Four equivalent pogitions:
(a) 4b. (c) 4d.
() 4ec. (d) 4e.
Sizteen equivalent positions:
(e) 16a.
Twenty-four equivalent positions:
() 24a. (g) 24b.
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Space-Group T? (continued).
Forty-eight equivalent positions:
() xyz; x¥2; RyE;  %9s;
zxy; Ix§; IXy; =8§;
y=; ¥Ix; yIx; @ §=%;
X+*, Y+§, z, !+;, i—Y; z; *—X, Y'H, z; i"xv i‘y, t H
z+4, x+3,y; d—z,x+4, 9 d-353—xy;, 4}, 4—x§;
y+*’ ’+i’ X; }—YD i—‘, X, Y"H, i_z, x; }—Yv 5+*; i;
x+;) Yy, ’+i; X+}, yy i-'; *—X, Yy, }—‘; i—x’ Yv ‘+};
z+4, x, y+4; d—z,x,4-y; }—3 %, y+%; +4, % 4-y;
y+;) z, X+;, ;—y’ !y X+}; Y+*r !x }—X; *—y’ Z, *—X;
X, Y+}; z+§; X, }_Y1 '}_‘; X, Y+;, *-'; xr *—y’ ’+*;
z, X+*, y+*’ l, X+;, *—y; 'r *—'X, Y+§; z, }—X, i—Y;
Y, s+h x+4; §,4—25,x+4; v, -5 3-x; ¥ 2+ 3—x
Space-Grour TV.
T'wo equivalent positions:
(8) 2a.
Siz equivalent positions:
(b) 6e.
Eight equivalent positions:
(c) 8a.
Twelve equivalent positions:
(d) 12a. (e) 12b.
Twenty-four equivalent positions:
®) xys; xy3; Ry%; %93
ZXy, Exy; Ry; ZX§;
yzx;  ¥ix; yix;  §=%;
x+4 y+4, s+h x+d b=y b5 d-x, v+ -y

z+3, x+4, y+4; 4—s x+4, $-y;
y+3, z+4, x+%; $-y, $—3, x+3;

Space-Grour T
Four equivalent positions:
(a) 4f.
T'welve equivalent positions:
(®) xys; x+%, 3~y 3; %, y+i, 3—3;

=xy; %, x+%, $-y; 3-s3 %, y+4;
Yyzx, ;—Y) z, X+;; Y+}, i_’) X;

i—xr ;—Yp 5+*;
i_z) i"x) Y+;;

s+4, }-x, 3—y;
Y+iv ;-.l *-—X; .

i—y' z+*¢ *—x'

*~X’, y) ’+};
s+%, —x, §;
y, 5+§: i—!.
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Space-Group TS,
Eight equivalent positions:
(a) 8b.
Twelve equivalent positions:
(b) 12¢.
Twenty-four equivalent positions:
(© xyz; x, 8, 3—3 3—xy, % % 4-y, 3;
ZXYy, }—z’ X, y; ’: }—x) Yy, g x: *—Y;
yzx; y; b—zr b. S £ E, *—x; *—y’ z, x;
x+}9 }’+§, z+i; X+;, }_y’ I, X%, Y+§: }—5;
Q—xr y» z+i;
z+34, x+4, y+%; %, x+4, 3-y; %—3 % y+i;
z+i: *—X, ¥;
y+4, s+%, x+3; 3—y, &, x+%; y+4, 31—z %;
y' 5+*, *-X.

B. PARAMORPHIC HEMIHEDRY.

Space-Grour Ti.

One equivalent position:
(a) 1a. (b) 1b.
Three equivalent positions:
(o) 3a. (d) 3b.
Siz equivalent positions:
(e) 6a. (®) 6e.
(f) 6b. (h) 6d.
Eight equivalent positions:
@) 8ec.
Twelve equivalent positions:
() 12d. (k) 12e.
Twenty-four equivalent positions:
@) xys; xy2; RxyI; R93;
EXY; ; Ry, =Y,

yzx; §ix; yIX; §=X;
xy2; Xyz; x¥3; xyE;
%y; =y, =§¥; Ixy;
yex; y=; §=;  yiIx
Space-Grour Ti.
Two equivalent positions:
(a) 2a.
Four equivalent positions:
(b) 4d. (c) 4e.
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Space Grour T3 (conisnued).
Stz equivalent positions:
(d) 6e.
Eight equivalent positions:
(e) 8d.
Twelve equivalent positions:
@ 12a. () 12b.
Twenty-four equivalent positions:
(b) xyz; x¥2; RyE; @ RPs;
&Xy; IX§y; EXy; &Y,
y=;  yIx;  ya%;  §i%; '
3-x, -y, §—32; %—x, y+4, s+4; x+4, -y, s+4;
X+}, Y+§: }_‘3
-3 3—x 4-y; zt+4, }—x y+}; s+4 x+d, 4y
34—z, x+4, y+4;
§_y7 }—2, }—X; Y+§. ’+*» }—X; *'—y' z+§7 x+§;
y+}; }-z) X+}.
Space-Grour Tp.
Four equivalent positions:
(a) 4b. (b) 4c.
Eight equivalent positions:
(c) 8e.
Twenty-four equivalent positions:
(d) 24c. (e) 24a.
Thirty-two equivalent positions:
) 32a.
Forty-eight equivalent positions:
(g) 48a. ‘ (h) 48b.
Ninety-siz equivalent positions:
(i) xyz; xyZ; XyZ; @ %¥3;
Xy, Ixy; Zxy; @ 2X¥;
y=x;  §ix; x;  §i%;
%yz; Xyz; x§z;  xy%;
2xy; 2Xy; 2x§ ; 2xy;
yzx; y=zx; y=x;  yix; '
x+h y+4, 3 x+4, 8-y, % d-x,y+4, % i-xi-y, 5
zt+4, x+h,y; d—2z,x+4, ¥ 4-2,3-xy; s+hi-—x¥;
y+*: 2+*, X; }_y: ;'—5, X, Y+i, i—z: i; *"'Y; z+*» i;
%—X, i-y: z; }—X, y+}y z; X+*, ‘}_Yv Z, X+§, y+*s i;
é—z, *'—X, 5’; 5+i: }—X, Y; 5+*1 x+§r y; }—l, X+§, y;
-y, 4-25%; yt+ 243, % by, s+d,x; y+i i3 x;
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x+%, y, 2+3%;
z+}; X, Y+*;
y+4, 3, x+4;
;‘—X, ¥ i—!;
}_51 X, i_Y;
i"}'; z, *—X;
x, y+4, s+4;
5, x+3, y+1;
Y, 244, x+4;
X, '}—yr }—5;
2, 4-x 4-y;
\A }—2, *—X;

Space-Grour Ty (continued).

x+}; ¥y, i_z;
i_‘r X, *—'Y;
-y, 2, x+%;
i_x) Y, z+§;
g+, X, y+4;
y+4 5 }-x;
X, 3=y, §—3;
g, x+;’ i—Y;
¥, §—3, x+3%;
% y+4, z+4;
Z, }—X, Y+§;
Y, z+}’ %—X;

}—X, Yy, *—Z;
i—zy ir y+*;
y+3%,% 4—x;
x+4, §, 2+3%;
z+;: X, }—Y;
$-y, 3, x+4%;
ﬁ, Y+§y *"'z;
z, 3—x, y+%;
Y, 34—z $—x;
x, $—y, z+4;
z, x+%, §—y;
¥, z+3%, x+4%;
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*—X, y» ‘+§;
z+*7 x; i-Y;
i—y’ Z, i—x;
x+3, y, $—3;
i'_z: X, Y‘H;
y+4, 2, x+4%;
%, 34—y, z+%;
7, }—x, 4-y;
y; z+}: i—x;
X, y+%, §—3z;
Z, x+4%, y+4%;
Y, ;—” x'l"*-

Space-Group Tj.
Eight equivalent positions:
(a) 8f. (b) 8g.
Sizteen equivalent positions:
(c) 16b. (d) 16c.
Thirty-two equivalent positions:
(e) 32b.
Forty-eight equivalent positions:
(f) 48c.
Ninety-siz equivalent positions:
® xyz; x§2;  xyd;
Xy, xy; 2Ry;
y=x;  §Ix;  yiIX;
x+4, y+4, 5 x+4 4y, &;

*—x) Y"H, Z; ;—X, *—Y: z,

s+3, x+3, v;
y+3, 544, x;
x+4, y, 2+4%;
5+*r X, Y+i;
y+4, 3, x+4%;
x, y+%, z+4%;
z, x+3%, y+4;
Y, s+4, x+4%;

}-5x+}, 3;
-y, 4-35x;
x+4, ¥, 4—3;
}—8, X, *_yr
*-y’ z, x+}7
X, 34—y, §—3;
z, x+b; *_Y;
Y i—l, x"l‘i;

-2 4-xy;
y+3, 4—3, &;
*-xy Yy, i—z;
i—z; i: y+i;
y+4%, % 3 —x;
x; Y+*; ’—z;
2) i_xr y+§;
Y, 4—2,4—x;

z+§r $-x, ¥
-y, 2t} %;
}—X, ¥ 2+§;
z+3, %, *—y;
-y, 2 4—x;
% -y, 3+4;
%, 3—x, §-y;
?9 Z+i, i_x;

*—x) *—Y) *—z; *—X, y+}; z+}; x+*; }—y) z+};
x"l‘*) Y+}) *—z;
i'_tr }""x) *_y; z+}7 i_x’ y+}; 2+}, X+}, *—y;
*—Z, x+}r Y"l'i;
-y, t-3 i-x; y+i, 4% t—x; i-y, =+i x+%;
y+i, i—s, x+1;
i-x, 34—y -5 i1—x y+i s+i; x+i, i-y, 2+d;
x+4, y+i 1—-3;
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Space Grour T} (continued).
Siz equivalent positions:
(d) 6e.
Eight equivalent positions:
(e) 8d.
Twelve equivalent pogitions:
() 12a. (g) 12b.
Twenty-four equivalent positions:
(h) xyz; x¥8; XyZ; @ X¥s;
Xy, Ixy; Zxy; ZXy;
y=x; §Ix; yIX; @ §IX;
}-x, -y, 4-3; }-x y+i, =+4; x+}. }-y, 2+
x+4, y+3, §—3;
$—13, *"'x; i_y; z+*) }—X, Y+§; z+4, x+4, *_Y;

;—Z, X+§, Y+};
-y, 4—3 3—x; y+4, s+4, —x; }-y, z+4, x+4;
Y+*1 *—z) x+*'
Space-Grour T3,
Four equivalent positions:
(a) 4b. (b) 4e.
Eight equivalent positions:
(c) 8e.
Twenty-four equivalent positions:
(d) 24c. (e) 24a.
Thirty-two equivalent positions:
(f) 32a.
Forty-eight equivalent positions:
(g) 48a. ‘ (h) 48b.
Ninety-siz equivalent positions:
() xyz; x9z; RyZ;  ®¥s3;
ZXY, Zxy; 2xy; zX¥;
yzx;  §Ix; yIX; @ ¥=;
xyz; xyz;  x¥z;  xy%;
%y; ®y; @y;  Ixy;
yzx,; yzx;  §ax; yzx; ‘
x+4, y+4, 2 x+4,4-y, % d—x,y+4, 8 d-x3-y,3;
z+i: X+}, Y; *'_z; x+}’ ¥ '}—z, *—X, Y, z+*’ }—X, ¥;
y+3, z+4, x; -y, 3—2,x; y+4,4—25%; }-y, 244, %;
‘}*'—X, }—Y; 2; ‘}—X, Y+}r z, X+}, i_Yv Z, x+*r Y+§, ‘;
{:—Z, }—X, y; z+}l ;’_xy Y; Z+}, x+*r y: *—z, x+§; y;
}_y, }_’: X; y+i; z+}; x; '}_y; z+*r X, Y+*: *"’5; X,
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X+*, Y, 5+*7
z+4%, x, y+3;
y+4, 3, x+4;
i—xr y; }'—l;
}—z’ X, ;_Y;
}_y: ’) *-x;
x, y+4, z+4%;
z, x+%, y+4%;
Y, 2+3%, x+3%;
x» i_y’ i_z;
£ 4—x3-y;
yv }_z) }—X;

Srace-Grour T (continued).

x+4, ¥, §—3;
3-15,x 4-y;
}_y: 2, X+'};
'}—x) Y, Z+*;
o+4, %, y+4;
Y+*’ 2, }—'X;
X, }—yx }"z;
’; x+*’ *—y;
¥, 4—2, x+4%;
%, y+4, z+%;
2, i—x9 Y+§;
Y, 3+4, 3-x;

*_x) Y, *—z;
;’_z) 2, )’+'};
y+*; z, '}_X;
x+4%, §, z+4;
Z+i, X, i_y;
-y, 5 x+3%;
Rr Y+§; i_z;
Z, {—x, y+4%;
Y, }_zr }—X;
x, $—y, z+%;
z, x+4, 4—y;
¥, z+3%, x+4%;
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*-x’ ¥ Z+};
z+*) X, 5-.‘13
*_y’ z, }—X;
x+§: Y, i—z;
*—5, X, Y+§;
y+4, 2, x+4;
% 3-y, s+d;
2z, *—x! §—y;
y; I+*, *_x;
X, y+4, §—3z;
Z, x+4, y+4;
Y, i—’) X+}.

Space-Grour Tj.

Eight equivalent positions:
(a) 8f. (b) 8g.

Sizteen equivalent positions:
() 16b. (d) 16c.

Thirty-two equivalent positions:
(e) 32b.

Forty-eight equivalent positions:
() 48c.

Ninety-sixz equivalent positions:
® xys; xy2;  %yE;

xy; Ixy;

y=x;  §ix;

x+4, y+4, 5;
s+4, x+4, v;
y+}) ’+*; X,
x+4, y, 2+3%;
‘+*r X, Y-H;
y+3, g, x+%;
x, y+4%, z+3;
g, x+%, y+4;
y, s+4%, x+4;

i—x -y b3 t-x y+i =L
i-s 1-x t-y; z+i i—x y+i;
-y, t-3 t-x; y+i s+ i-x;
i-—x 1-y, 1-3 1-x y+i s+

zy;

yax;
x+4 3-y, 2;
*_z: x+ir y;
-y, 4-32x;
x.*+i: ¥, i_z;
i—l, X, '}—Y;
}_y; z, X+},
X, *—y; i_z;
g X+i, i—y;
5 i_% X+i;

}-—X, Y+§, 2;
*—z) i_x) Y
y+h -z %;
i'—x’ Y, i—z;
*—zr X, Y+§;
Y+}; z, }—X;
X, Y+*) }—z;
g, }_xi Y+*;
Y, b-z’ }—X;

-x, -y, 3
z+§’ $—x, ¥;
'}_y’ ’+}; X;
}—X, ¥, 5+};
z+*; X, }—y;
*_yi Z, }—X;
X, '}—Yr ’+*;
% §—x, §-y;
¥ ’+*; i—'x;

X+}, *_yr z+*;

x+1, y+}; }- z,

s+%, x+4, t-y;

}'_’r X+}, y+i;

i—Y) 5+}r X+};

v+t t-3 x+1%;

x+%, -y, 5+%;

x+4 y+i t-5
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Srace-Grour Th (continued).
-2 t—x t-y; =+i i—x y+i; z+i x+3 -y
{—3, x+1 y+1;
i'—yi *—z, i—x; Y+*, ’+*, }—X; *—y: 8+}, X+};
y+i i-3 x+1;
i-x 31—y 3-3 3—x y+i, s+1; x+}, i-y, z+4;
X+*, Y"l'}, *—2;
*—2, i_x’ *_Y; z+*’ i_x) Y+i; ‘+*, x+*; }"'y;
*_z, X+*, Y""*;
-y, t-2 §—x; y+i, s+% 1-x; i-y, z+i, x+3;
y+*a }_’, x+*;
i—-x, t-y, 1—3 it—x y+i, s+%; x+i, -y, s+4;
x+%, y+4, $—3;
}—Z, i_xr *—Y; z+}; '}—X, }'+*, z+}t X+*, *_y;
}—8, X+*, Y+i;
-y, i-2 t—x; y+i, 2+% i-x; t-y, 241, x+1;
y+i, 1-3 x+1.
Space-Grour T}.
Two equivalent positions: |
() 2a. |
Siz equivalent positions:
(b) 6e.
Eight equivalent positions:
(c) 8e.
Twelve equivalent positions:
(d) 12a. (e) 12b.
Sizteen equivalent positions:
() 16d.
Twenty-four equivalent positions:
(g) 24d.
Forty-eight equivalent positions:
(M) xyz; x§z; xyI;  X¥s;
xy; 2xy; I®y; @ X¥,;
yzx;  ¥Zx; yIX; @ §=%;
xXyz; Xyz; x§5;  Xy%E;
2%y ; 2Ry; zxy¥; Ixy;
yz%; yaR; §=x;  yix;
x+;‘: y+§; z+}r X+}, *—yy *_zv *—X, y+i) *—!;
}—xr i"y, '+*;
z+%, x+3%, y+3; 34—z x+4, 3-y; -3 3—x y+i;

z+3, 3—x, i-y;
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Space-Grour TE (continued).

y+4, 244, x+4;

'}—Y1 *—5’ x+};
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y+4, -3, 4—x;
-y, z+4, 3-x;

*—X. i"y) *-5; }—X, Y+§; z+}; X+}, }"Y) z+};
x"l‘i’r }’+§, *-z;
$—32 3—x -y, z+3 3—x y+4; =+ x+4 3-y;
;—z’ x+}’ Y‘H:
-y, 33 4—x; y+3}, z+4, —x; -y, z+4 x+3;
y+4, 43 x+i
Space-Group T§.
Four equivalent positions:
(a) 4b. (b) 4e.
Eight equivalent positions:
(c) 8h.
Twenty-four equivalent positions:
(d) Xyz, x+*v é_yr Z; x, Y+§, }_z; ;—X, 5, Z-I-i;
zxy; %, x+%, 3—y; 3—3 %, y+4; z+4, 4—x, §;
yzx; -y, %, x+%; y+i, 4—3, %; 3, 2+4, 3—x;
%9z; 4—x, y+3, 5; x, -y, z+%; x+4, y, 4—2;
!Ry; z, ;—X, y+i; Z+}, X, *_Y; }—z’ x+}r y:
?ﬁ; Y"l'}: Z, i—x; ;‘y’ z+*, 5 Y i"z’ x+§
Srace-Group T1.
Eight equivalent positions:
(a) 8i. (b) 8e.
Sizieen equivalent positions:
(c) 16e.
Twenty-four equivalent positions:
(d) 24e.
Forty-eight equivalent positions:
(e) Xxyz; X, ¥, }_z; }—x) Yy, Z; %, }—Y: Z;
xy; $—-35,x¥; % 3—x,¥; 3 X% }-y;
yzx; yy *—3’ X Y i: i—x; *—Y) g, X;
%9E; %, y, s+3; x+4, 9, 5 x y+3, 2;
2Ry; s+, %, y; 5 x+4, §; % x, yt+i;
yi%; v, s+, %; %, 5 x+d; y+34, & x;
x+*v Y+}: 5+i; x+}7 i—Y) Z X Y+}, it H
i—x‘ y’ ’+;;

z+3%, x+3, y+%;

y+4, s+4, x+4%;

z2, x+4%, 3—y; 3—s3 & y+i;

z+3, i—!, y;

-y, %, x+4; y+3, 4-3 %;

¥, 5+3, §—x;
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Srace-Grour TI (continued).
*—X, i_Y) i-'; *'—X, y+*! i X, i_Yr .+};

x+4, v, §—3;
}—3 3—x, 4-y; 3 3—x y+i; 3+4, x, $-y;

$—3 x+}, y;
-y, 3—3 4—x; y+i, 3 $—x; -y, s+4, x;

Y, *—’: x+'}-

C. HEMIMORPHIC HEMIHEDRY.
Seace-Group T;.
One equivalent position:
(a) la. (b) 1b.
Three equivalent positions:
(c) 3a. (d) 3b.
Four equivalent positions:
(e) 4a.
Siz equivalent positions:
(f) 6a. (g) 6d.
Twelve equivalent positions:
(h) 12f. i) 12g.
Twenty-four equivalent positions:
G) xys; xy%; %yE;  %9s;
Yy, 2x§; xy; =y,
y=x;  ¥3x; yiX; @ §=%;
yxz; Ixz; yXZ; b2 H
xzy, xZ§; Rly; Rsf;
yx; Iyx; 2yx; 9%;

Space-Grour T.
Four equivalent positions:
(a) 4b. (c) 4d.
(b) 4c. (d) 4e.
Sizteen equivalent positions:
(e) 16a.
Twenty-four equivalent positions:
) 24a. (g) 24b.
Forty-eight equivalent positions:

(b) 48d.
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T3 (continued).
Ninety-siz equivalent positions:
(@) xyz; xy&  Ryi;

xy;  Ix§;

yzx;  ¥ix;

yxz;  §xi;

xzy;  Xx2¥;

zyx;  Iyx;

x+4, y+4, 5;
z+4%, x+%, y;
y+4, 244, x;
y+4, x+3, z;
x+*’ l+‘}, Y;
z+4%, y+4, x;
x+4, y, 2+3%;
’+*o X, Y+i;
y+3, z, x+4;
y+4, x, 54+4;
x+” z, }'+i;
s+4, y, x+%;
x, y+4, 5+4;
z, x+i’ Y+;;
Y, z+4%, x+4;
Y, x+3%, z+4;
x, 2+, y+4;
z, y+4%, x+4%;

Seace-Grour T3.

Exy;

YEX;

yXZ;

xZy;

2yx;
x+i) i_Y)
}—z) X+§, y;
}_Yr i—l, X;
-y, x+4, &
x+i} 9-’) y;
i_z) i—Y) X;
X+}, ¥, $—3;
}-1x 4-y;
}-y, & x+%;
-y, %, 43
x+*, z, }_Y;
i—’r ys x+i;
x, -y, §-3;
z, x+i: i_Y;
¥ i—’: x+};
5, X+}, }—’;
X, *"'z: i—y;
i; *-y) X+‘};

Two equivalent positions:
(a) 2a.
Siz equivalent positions:
(b) Ge.
Eight equivalent positions:
(c) 8a.
Twelve equivalent positions:
(d) 12h. (e) 12a.

Twenty-four equivalent positions:

() 24f. (8) 24g.
Forty-eight eqmvalent positions:
(b) xys; 2y2;
m’ m’
yEx, yi%;
yxz, yxZ;
X2y, x2y;
5yX, 2yx;

!829,

‘}—x) y+i) !;
i"": *—I, Y
Y""}) i—’v x;
y+i 4—x,2;
$-x,4-3y;
‘}-” y+i: X;
}—X, Y, i—z;
}—’: X, Y+i;
y+4 8 4-x;
y+h %, 3—3;
i"xr 1, Y+i;
-3y §—x;
X, Y'H, *—’;
g 4—x,y+%;
Y, -2 d-x;
Y, i_x’ *—’;
X, i—l, }'+§;
z, Y+}; *—X;
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d-x,4-y,3;
s+4, 4—x, §;
-y, s+4, %;
i—}'; i—xr Z,
*—xi Z+}, y;
z+4, 3y, %;
*—x; yr 5+};
z+4%, % 3-y;
*-y’ 2, *—X;
i—)’, X, l+};
*—X: 3, }—Y; .
z+3, ¥, ‘}—X;
% 3-y, s+4;
z, i_x) }_Y;
¥, 5+4, §—x;
y' i_x’ .+i;
X, ’+*1 ;_y;
&, i_Y: i_x-



130 THE CUBIC SPACE-GROUPS Ti-T;.

Srace-Grour T§ (continued).

x+4, y+3, s+4 x+4 d-y, 33
z+4, x+4, y+4; -3 x+4, §-y;
y+4, z+4 x+4 3-y, 33 x4+
y+4, x+4, s+4; 31—y, x+4, 33
x+4, 2+4, y+i; x+4, -3 3y,
s+4, y+4 x+4; -3 §-y, x+4;

Space-Grour T3.

Two equivalent positions:
(a) 2a.

Siz equivalent positions:
(b) Ge. (d) 6g.
(c) 6f.

Eight equivalent positions:
(e) 8a.

Twelve equivalent positions:
() 12a. () 12j.
(g) 12i.

Twenty-four equivalent positions:

() xyz; xyi; xyZ; X¥s;
sxy; &x§; ERy; =X¥;
yzx;  ¥IZx; @ yiIX; y=R;

*—X, Y+}, ;—’;
i—x; *—y, Z+*;
$—3 §—x, y+§;
s+4, 4—x, 4-y;
Y+}) ;‘_’, i—x;
i—y, z+*, *—x;
y+4, 3-x, $—3;
-y, 4—x z+%;
}—X, i’—” Y+*;
}—x, z+4, §—y;
*—l, )"‘H, ;—X;
s+3, §-y, $—x;

y+}’ X+}, 5+‘}; i"y, x+}v i_’; Y'H, i—x’ i—';

‘}_y: ;“'xy z+§;

x+4, z+4, y+4; x+4, 4—3 $—y; 3—x }—3 y+§;

$-x, 244, 3-y;

z+4, y+4%, x+4; 3—3 -y, x+¥; 4-3z y+i, d—x;

Space-Grour T;.
Eight equivalent positions:
(a) 8i. (b) 8e.
Twenty-four equivalent positions:
(c) 24ec. (d) 24h.
Thirty-two equivalent positions:
(e) 32c.

z+i; *—Y’ i—x'
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Space-Grour T§ (confinued).

Forty-eight equivalent positions:
(f) 48e. () 48a.
Ninety-siz equivalent positions:
() xyz; x§z; xyE;  A93;
xy; Ixy; Iy, 2X§,
yix; yix; yik; yzx;

Y+§» x+i; ’+§; i_y, x+i: ;‘—’; Y+*’ ‘}_x; i—z;
-y, $—x, z+4;

x+4, 2+%, y+4; x+4, 3—3 d-y; 3-x, }—3 y+i;
$-x, z+4%, 3-y;

s+4, y+3, x+4; i-3 34—y, x+4; -3 y+4, $—x;
5+;) i_)') *_x;

x+4, y+4,2; x+4, 34—y, % }—x,y+4,%; d—xd-y,3;
s+4, x+3,y; 4—2,x+34, §; 34—z 3-xy; z+},4-x¥;
Y+‘}’ z+§: X; }_Y) *_z; X, y+§’ ‘}—Z, i; i—Y) z+‘}: X;
Yy, X, z+*; y, X, i—l; y, X, }—’; y; R, ’+})
x5 y+ty; x5 3-y; %&y+d; %z d-y;
%Y, x+i; i; y: x+*; i) Y, *_x; g, Yp *_x;
x+3,y, z+4; x+3,§ 84—z }-—x,v,%4-2 %-—x 9, 2+4;
z+*: X, Y+i; ;—zr X, i—Y; i_’) i) y+i; z+§ be i"’y;
y+4, 2, x+3; -y, 8 x+4; y+4, 8 4—x; i-v, 5 4—x;
Y, x+}) Z, y: x+i: !; Y, *—X, i; y: i_x) z,
xs+} y; x 4-3 ¥ % -3 y; % z+4, §;
z, Y+*: X, !1 i-)’: X, i: Y+i, i; z, Q—Y: i;
X, Y+*7 l+i, X, i_Y} i_z; x) Y'l'i, *_z; is i—y’ ’+;;
Z, x+*1 Y+}; i: X+}, i—y; i; i'—x’ Y+is %, i—x) }—Y;
Y, l+i, x+;; y; *—l) X+§; Y, i_z; }—X; y: z+*! i—x;
y+i’ X, %, ‘}—'y: X, i; y+i» ir E; }—Y, x; 2,
x+4,5y; x+34, 5§  3-x2,y; i-x, 8 ¥;
’+*: Y, X; ;_z) y} X, ;'—’) Y, x; z+*: y: X
Space-Group TS.
T'welve equivalent positions:
(a) 12k. () 121
Sizteen equivalent positions:
(c) 16f.
Twenty-four equivalent positions:
(d) 24i.
Forty-eight equivalent positions:

) xyz; x, ¥, 4—32;, §—x,y,3; % 34—y, 3
zxy; 34—z, x, ¥; % }—x,y; 3 % }-y;
yzx; y; ;—’r x5 ) 2: i—x; *'—yy z, x;
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SpacE-Grour T} (continued).

y+i, x+%, s+%
x+%, 2+t v+
s+i, y+i, x+1;
x+%, y+4, s+4;

z+4, x+4, y+};
y+4 2+4, x+4;
y+i x+4, s+4;
x+%, z+4, y+i
z+1, y+4, x+4;

i-y, x+i, -3
x+%, 1-3 §-y;
i-s3 t-y x+4;
x+4, §-y, &
g x+4 }—y;
i-y, 8 x+};
-y, x+3, i-3;
x+4 -5 -y,
-3 1-y, x+§;

y+i, 1—x, i—3;
-y, t—-x s+};
{—x 3—3 y+i;
$-x, z+%, $-y;
-3 y+} $—x;
’+}) *—y’ i—!;
R, Y+*l i—l;
}""xr y} '+};
*_'r i, Y+§;
5+§v i-xv ¥
y+*: i—’) ﬁ;
%, s+4, 4—x;
y+*y }—X, *'_‘;
t-v, 1—x z+%;
}—X, *-z: Y+*;
$-x, s+4, i-y;
*_’: Y+i, }—x;
z+ *) f—}':*—x-

D. ENANTIOMORPHIC HEMIHEDRY.

Space-Group O'.
One equivalent position:
(a) 1a. (b) 1b.
Three equivalent positions:
(c) 3a. (d) 3b.
Siz equivalent positions:
(e) 6a. (g) 6e.
() 6b. (h) 6d.
Eight equivalent positions:

@) 8e.

Twelve equivalent positions:

() 12m. (k) 12n.

Twenty-four equivalent positions:

M xys; x§2; %y, 2¥3;
xy; Ix§; Ixy; =8Y;
yx; yax; yigx; yz%;
yxz; y&sz; ¥xs; yxi;
x2§; Rey; xs§; xdy;
zyr;  =myX; =yx; @yx.
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Space-Group O
Two equivalent positions:
(8) 2a.
Four equivalent positions:
() 4d. (o) 4e.
Siz equivalent positions:
(d) Be. ) 6g.
(e) 6f.
Eight equivalent positions:
(z) &d.
Twelve equivalent positions:
(b) 12a. (k) 120.
@) 12i. @ 12p.
() 12j.
Twenty-four equivalent positions:

(m) xys; x¥%; XyE; XV
xy;, Ix§; IRy; ¥,
y=x; §ix; yIx; §=%;
-y, 3—x, 4—3; y+3, d—x 2+ d-y, x+4, 24
y+3, x+4, —3;
d-x, -3 d—y; }—x 3+ y+E x5+ -y
x+*’ '}-59 Y+*;
i"'” i—}’: }—x; ’+*’ y+}) *_x; ’+§’ i—Y) X+};
3—s3 y+i4, x+3.
8race-Grour O°.
Four equivalent positions:
(a) 4b. (b) 4e.
Eight equivalent positions:
(c) 8Se.
Twenty-four equivalent positions:
(d) 24c. (e) 24a.
Thirty-two equivalent positions:
(f) 32a.
Forty-eight equivalent positions:
(g) 48f. (i) 48a.
(h) 48g.
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Ninety-siz equivalent positions:

G) xys;  x§%; Ay2;

xy; Ix§;
y=;  §ix;
¥xz; ytz.

s+4, x+4, y;
y+i 544, x;
-y, 4-x,8;
-x,4-3,§;
*—’) i—y’ x;
x+*y Y, ’+;;
’+*y X, Y+i;
y+4, 5 x+4;
}"'Y; X, *"’;
i_x’ 2, *_Y;
*—.I 5, i_x;
x, y+}, z+};
z, »+3, y+4;
Y, 5+4%, x+4%;
Y }—'X, }"";
% -3 4-y;
z, *"'yv }"x;

Yﬂ.

; x+i.} nE

9"’; x+§’ yx
}_y’ é_’: X,
y+3, $—x, 3;
;'—x) ’+§r Y;
s+4, y+4, %;
x+iv y; *—’;
i_’l X, }—y;
}_Y) ’) X+;;
y+3, %, 2+4;
3—x, 5 y+4i;
’+i: Y, }—X;
x, -y, §—3;
2, x+4, 3-y;
y; *_’) x+§;
Y, }—X, 5+i;
%, s+4, y+%;
z, y+4, 3—x;

Space-Group O°.
Eight equivalent positions:
(a) 8f. (b) 8g.
Sizteen equivalent positions:
(c) 16b. (d) 16e.
Thirty-two equivalent positions:
(e) 32b.
Forty-eight equivalent positions:
(f) 48c. (g) 48h.
Ninety-siz equivalent positions:
(M) xys; x§3; Ry2;  %§s;
xy; Ix§; IRy, =&X§;
y=x; §ix;  yaR;  §i%;

* Y } X, }—50 y+i: }—X, 5+*o

THE CUBIC SPACE-GROUPS 0%-0°.

$—x y+4,§;
-3 4-x,y;
y+}x 9"’)
i—'Y) X+‘}, tH
x+4, 2+4, §;
l+§p ;_Y: X,
$—x, v, 4—3;
'}_’) x’ Y'H;
Y+*, !) ;""x;
i_y, X, ’+*;
x+4, 2, 3-y;
5+}: ¥y, X+‘};
X, Y'H, i—’;
z, 4—x, y+4;
Y, $—32 §—x;
¥, x+4%, s+3;
x, s+4, 4—y;
5. §-y, x+%;

}-x,4-y,5;
s+4, 3-x, §;

X; ;—Y: .+}v x;

y+4, x+4, &;
x+%, 4-3,y;
$—3,y+4, x;
}—X, y: ’+i;
3+;; %, *—Y;
*"Yo 5, }'—x;
y+i, x, §—3;
x+4, &, y+i;
-2,y x+%;
x: *_y: ’+i;
&, ‘—X, Q—Y;
y: ’+i’ i—x;
Y, x+4%, §—3;
x, §—3, y+i;
£ y+3, x+4.

-y, x+3, s+&;

y+i, x+%, i-5;
i-x, 1-3 3-y; 1-x s+%, y+i; x+3%, s+% -y
x+%, i-3, y+i;
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Space-Grour O* (continued).

$-2 t-y, t—x; z+%, y+1 t-x; s+% -y, x4+
t-3 y+i, x+1;
x+;) Y+*: Z, X+}, Q_Y1 2; *—X, Y-H; !; ;‘—X, i_y’ Z,
’+*, x+;: y; i—" X+}, Y; ;-5, *—X, y; ’+i” }—X, 9;
v+ e+h x; d-y, 4—5,x; y+4,3-3 % 3y, 2+, %;
-y, t—x -3 y+i t—x 3+ -y, x+% 244
y+i, x+43, 1-3z;
i_x’ ‘!"—2, }_Y; *—x) 5+*v y+}; x+*; z+*, i"ﬂ
X+*, *_z’ )'+}:
-3 31—y, 1—x; z+i, y+4 i—x; z+% i-y, x+;
-2 y+i x+%;
X+§, Y, 5+*; X+}, Yr i_‘; i_x: Y, *_z; }—X, 5’, z+};
s+3, x, y+4; d-2,x,4-y; ¥-z % y+); 2+, % 3-y;
Y+*1 z, X+‘}; ;—Y) ir X+i; Y+‘}, ’; }—X; i—YJ 2. i—x;
-y, i—x -5 y+i, i—x z+%; i-y, x+i, s+1;
v+i x+3, i-3;
'!—X, }-Z, *—y; *—xr ’+}r Y'H; X+*, 5+*: '!'—Y;
X+*, }—Z, y+'};
*—” i—}’: *-X; 5+*; Y+}) *—x; Z+*, *_y’ X+*;
-3 y+i, x+4;
X, Y+i’ ’+i; X, i—'Yr *—’; 2, Y+*: }—Z; xr i_YI z+i;
7, x+3, y+%;, %, x+4,4-y; % 3—x,y+%; 3 3—x 3-y;
y, s+h x+4; F,4—35x+%; ¥y, 4—34—-x ¥, 3+4, 3-x;
-y, i—x {-35 y+i i—x z+4 t-y, x+i, 2+4;
y+i, x+4, i3
1-x 1-3 3-y; i-x 34} y+i; x+i, s+, i-y;
x+%, 3-3 y+1;
}—'z: *—Y) *—X; z+}: Y'H, *—X; ’+*; *—'Y: X+*;
*—’7 }'+*. x+*
Space-Grour 0°.
Two equivalent positions:
() 2a.
Siz equivalent positions:
(b) Ge.
Eight equivalent positions:
(c) 8e.
Twelve equivalent positions:

(d) 12h. ) 12b.
(e) 12a.

Sizteen equivalent positions:
(g) 16d.
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Space-Grour O° (continued).
Twenty-four equivalent positions:
(h) 24j. (@) 24k.
Forty-eight equivalent positions:
G) xys; x¥%; %y2;  %§s;
XY, xy; 2xy; =Xy
y=;  §ix;  yi%;  §s%;
yxz; yis; §xs;  yxd;
X2y, Rzy; xsy; x2y;
&y%;  myX; ;

Iyx;
x+4, y+4, z+%; x+4, 34—y, §—3;

’+}; x+}’ Y+§; i-’) x+4, i_Y;

y+i s+, x+4; 3-y, 33, x4+
-y, 4—x -3 y+b $-x s}
$-x, 4-32 }-y; }-x, 3+d, y+4;
$-35 34—y, $—x; s+} y+b 3-x;

Space-Grour O°.

Four equivalent positions:

(a) 4g.

Eight equivalent positions:

(c) 8;j.

(b) 4h.

Twelve equivalent positions:

d) 12q.

Twenty-four equivalent positions:

() xyz; x+4%, 34—y, %; & y+3%, §—3;
XYy, !) x+;; }_y; Q_'l !, Y'H‘;
y=x; 3-y, 2, x+%; y+%, 4—5 %;
i""y’ }—X, }—’; Y+*; !’—x; ’+*;

$-x t—3 t-y; i-x z+i, y+4;
*_’I }—y: }"—!; .+i: y+*: *—X;

3—x, y+4, §-3;
‘}"‘X, %‘Y: ’+;;
$—2, 3—x, y+§;
s+%, 3—x, §-y;
y+}r i-'y i_x;
*'_Y: ’+*’ Q-x;
$—-y, x+3%, s+4;
Y""’v x+§: §—3;
x+*, l+*t i"Y;
x+4, §-3, y+3;
s+4, -y, x+4;
}_’l Y+§x X+§-

i—!, y: ’+i;
s+%, 4-x, §;
%, s+3, §—x;

-y, x+i, =+1;
y+i, x+4, i-5;

x+%, z+4, i-y;
x+%, 13, y+i;

’+'!) *—y’ X+};
*_’, y+*l X+*-

It is evident that a suitable transformation would simplify the two unique
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Space-Grour 0.
Four equivalent positions:
(a) 4i. (b) 4j.
Eight equivalent positions:
(c) 8k.
Twelve equivalent positions:
d) 12r.
Twenty-four equivalent positions:

(e) xyz; x+3%, 4-y, 2; %, y+3%, 4—3;
zxy; %, x+4, 4—y; 3-3 %, y+4;
yx; 3-y, & x+%; y+} 4-3 %;
i-v, i—x, 3—3; y+i t—x z+3;

*_xr *_” *_Y; *—x; ‘+*: y+};
-3 3-y, i—x; 34} y+i i—x;

Space-Grour O°.
Eight equivalent positions:
(a) 8L (b) 8m.
Twelve equivalent positions:
(c) 12s. d) 121
Sizteen equivalent positions:
(e) 16g.
Twenty-four equivalent positions:
) 241 (g) 24m. (h) 24n.
Forty-eight equivalent poeitions:

i—x, \A ’+};

z+4%, 4—x, §;

y) l+i, i_x;

*_y’ x+*; z+};
y+i, x+%, i-3;

x+1, z+4, i-y;
x+1, i—2, y+&

z+*’ *-YI ’+*;
}_z) Y+*, x+*

@) xyz; x, ¥, 4—3;, ¥4—x,y5, 8% % %-vy, 3
2Xy, *'—') X, Y; i) i—x’ Y; 3% xr Q—Y;
yzx; y: *_5’ X, Y !: i_x; §—Y) z, x;
-y, i-x -3 y+i }1-x z4+}; t-y, x+4, z+%;

y+i, x+%, 1-3;

t-x, 31—z }~y; i-x z+% y+i; x+3, 3+%, -y

x+%, i-3, y+1;

-3}~y i—x; z+}, y+i i—-x; z+i, -y, x+1;

i-s y+i x+%;

x+3, y+3, z+%; x+4, 4—y, 5; % y+4, -3,

i_x’ Y, ’+i;
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Seace-Grour O° (continued).

s+4, x+4, y+4; %, x4+, -y }-3, % y+i;
’+i1 i—xs y;
Y+i’ ’+*r X+*; i—Y, ’; X+§; )'+§, i—'zr !;
y, ’+*; }—X;
-y, i—x 1-3 y+i, 1—x s+i; i-y, x+i, =+4;
Y+*’ x+*y *—’;
1-x -3 i-y; i1—x, 24§, y+1; x+3, =+4, -y
x+*’ *_’1 Y+§;
-3 3-y, 1-x; z+}, y+4 1—x; s+1, i-y, x+1;

i-3 y+i x+1.
E. HOLOHEDRY.
Srace-Grour Of.
One equivalent position:
(a) 1a. (b) 1b.
Three equivalent positions:
(c) 3a. (d) 3b.
Siz equivalent positions:
(e) 6a. () 6d.
Eight equivalent positions:
(g) 8c.
Twelve equivalent positions:
(h) 12f. G) 12n.
(i) 12m.
Twenty-four equivalent positions:
(k) 24o. (m) 24q.
@ 24p.
Forty-eight equivalent positions:
(@) xyz; x§2; RyE;  X§s;
ZXY, ’ 2Ry, =y;

yzx;  §Ix;  yEIX; @ §=R;
yxz; yxz; §x3; yx3;
xzy; Xzy; xs§;  xBy;
Eyx;, zyX; £¥x;  Byx;
;  Ryz; x§z; xyE;
2xy; =Ry; =§; EZxy;

;o Y=, ¥=; yEx;
yxz;  §x2; yRE; @ §Xs;
xzy; x3§; RZy; @ Ri¥;
zyx; ¥yx; ByR; =§%;
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Space Group 0.
Two equivalent positions:

(a) 2a.

Siz equivalent positions:

(b) 6e.

Eight equivalent positions:

(c) 8e.

Twelve equivalent positions:

(d) 12h.

(e) 12a.

Sizieen equivalent positions:

() 16d.

Twenty-four equivalent positions:

() 24f.

(h)24].

Forty-eight equivalent positions:

(i) xys;
ZXy;
yx;
yzz;
13y;
22 H

xyz; XyzZ; @ X¥z;
#xy; IXy; =X§;
yax; ;o §x;
yXz;  §xz;  yx¥;
%ey; xz¥;  xy;
yX;  Z¥x; ;
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}-x, 3y, $—3; }—x y+3 z+}; x+3, 3y, z+4;

x+4%, y+3%, $—3;

-3, 3—x, $—y; z+4 3—x y+3; z+3, x+4, 4y,

$—1z, x+4%, y+4;

*"'Y, i—l, }—x; Y+i) 8+*, *"x; }—Y1 z+}: X+§;

y+}) i_z; x+};

y+4, x+3, z+4%; 3y, x+4, 4—z; y+3, $—x, 4—3z;

-y, 3—x, z+4;

x+4, z+3, y+4; x+3%, -3, d—y; 3-—x, }—3 y+4;

$—x, z+4, 3-y;

z+4, y+4, x+4; 3-3 -y, x+%; -3 y+4 3—x;

Seace-Grour Of.

Two equivalent positions:

(a) 2a.

Siz equivalent pogitions:

(b) Ge.

(c) ©f. (d) 6g.

Eight equivalent positions:

(e) 8e.

z+4, *"’y: 3—x
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Srace-Grour O} (continued).
Twelve equivalent positions:
) 12a. (® 12i. (h) 12j.
Sizteen equivalent positions:
(i) 16d.
Twenty-four equivalent positions:
() 4s. (k) 24r.
Forty-eight equivalent positions:
M xyz; x¥3; Xy%;  XJs;
Xy, Ixy; &Ry, =X§;
yzx; Yex; yEx; Y=x;
i_Y1 *—X, i_’; Y+§, }—!, ’+i;
1-x -2 3-y; }-x 3t} y+i
-3 4y, }—x; zt+}, y+i, 4—x;
xyz; xys; xyz;  xy@;
%y, Xy ; 2y ; Ixy;
yax; yzk; ¥=; yix;
y+4 x+4, s+4; 4y, x+4, d-3;
x+*: ’+}’ Y+;; x+§9 9—’) i—Y;
z+4, y+4, x+4; 43, $-y, x+4;

Space-Group Of.
Two equivalent positions:
(a) 2a.
Four equivalent positions:
(b) 4d. (c) 4e.
Siz equivalent positions:
(d) 6e.
Eight equivalent positions:
(e) 8d.
Twelve equivalent positions:
(H 12h. (g) 12a.
Twenty-four equivalent positions:
(h) 24f. (i) 24t. (G) 24u.

§_Yt X+*, ‘+*;
Y+i’ X+*, *_.;

x+i) ’+}) }—Y;
x+4%, 4—3, y+i;

s+4, -y, x+4;
3—3, y+4, x+4;

Y'l"*l *—xr i—’;
-y, §-x, s+};

*_xl *_’r Y+i;
*—X, '+;, i"y;

i—’s Y'H‘. }_X;
’+}o i—y’ *—X.
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Space-Grour Of (continued).
Forty-eight equivalent positions:
(k) xyz; xyz; RyE; @ &¥z;
ZXY 5 Exy; Exy; ZRY;
yzx, ¥ix; yzx; yzx;
-y, 3—x, 4—2; y+i 3—x z+%; -y x+i, 2+4;
Y+‘}, X+§, }_z;
i—X, i—zi i'—)'; ;—X, z+*’ Y'H; X+i, z+}’ Q—Y;
X+}, }_’) Y+§$
34—z, }-y, 4—x; z+3%, y+4, $—x; 243, -y, x+4;
i—’r Y+'}) x+i’
3-x, 3y, ¥—z; }—x, y+4, z+%; x+34, 3-y, z+4;
x+4%, y+4, 4—3;
$—z 4—x $—y; z+%, 4—x y+i; z+%, x+4, d-y;
}'-z) x+il Y'H:
i‘-Y; *_z: i"'x; Y"H, z+il i—x; *—y’ z+§’ X+*;
Y+i7 i_zy x"l‘i;
yxz; ¥xz; Xz, Yxz;
X7y s x2§; xzy; xzy;
zyx;  @yx; IyR; 4§k
Space-Group O3,
Four equivalent positions:
(a) 4b. (b) 4c.
Eight equivalent positions:
(c) 8e.

Twenty-four equivalent positions:
(d) 24ec. (e) 24a.
Thirty-two equivalent positions:
(f) 32a.
Forty-eight equivalent positions:
(g) 48a. (h) 48f. (i) 48g.
Ninety-siz equivalent positions:
(G) 96a. (k) 96b.
One hundred ninety-two equivalent positions:
@ xyz; xyE; Ry?; @ X¥s;
Xy, axy; 2Ry, ’
yz=x;  ¥yIx;  yI%; @ §iX;
yxz; yRs; §xs;  yxd;
%2y, Ry, x#¥;  x3y;
zy%; Zyx; #yx;  Iyx;
%y2; Xyz; x§z;  xy%;
%y, ZXy; ¥, ixy;
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Space-Grour O} (continued).

yzx;
yxsz;

yzX;

¥xz;

xzy;  xif;

zyx;  I¥yx;

x""ir }"H, z,
5+}1 x+3, Y
y+i 2+, x;
-y, 4-x3;
*—X, i"‘z’ ¥
i—i, ;—y: X;
*—xi *_Yy zZ;
i"'” }—xt ¥
i_y’ i—z, X;
y+i x+4, 3
x+4, z+%, v;
z+4, y+4, x;
x+}, y, 2+
z+4, x, y+3;
y+i, 2z, x+4;
i—y’ X, }—z;
i_xs z, *—y;
i_zr Y }'—x;
*_x’ 5, i—t;
;'_zl X, *—y;
i'_Y7 z, i'—x;
y+iox, 244
x+4%, z, Y‘H‘;
z+*; Y, X+*;
x, y+4, z+4;
z, x+4, y+34;
Y, 2+4, x+4;
¥, i—x’ i_z;
% -3 }-y;
z,3-y, }-x;
x, 9_)') ;_z;
z, }_x) i—'y;
¥ }—2, i_x;
¥y, x+4, 24+4;
x, s+4, y+3%;
z, y+4, x+4;

Fax;

yii;

x2y;

zy%k;
X+}, i—y’ !;
}—zi X+*, y;
-y, 4—2,x;
y+4, 3—-x, 3;
3—x, 243, y;
5+*v Y+*; X;
}—x, y+3%, z;
z+3, —X%, y;
Y+it z""l X;
i_Y1 X+‘}, i;
x+i’ i—z) ¥;
i"z: }_yv X,
x+i: ¥, *_z;
-z x 4-y;
-y, %, x+3%;
y+3, &, z+4%;
i-x, 2, y+%;
z+*» Y, i—x;
-x,y, z+4;
z+i’ X, Y'H;
y+3, 2, —x;
*_Y) X, *—’;
x+4, 3, §-y;
}_z’ Y; X+*;
X, }_Y) ;'—l;
z, x+4%, §—vy;
y; ‘}—l, x+i’
Y, 3—x, s+4;
X, 5+*’ Y+};
z, y+3, $—x;
X, y+‘}) l+i‘;
z, $—x, y+%;
Y, st+4, 3—x;
5’, X+i, '}—z;
X, *"” i'—Y;
i) i—y’ X+*;

*—X, Y+*’ z;
i—‘) i_xy Y
Y+it }—z, X;
3-y, x+4, 3;
x+3, 2+, §;
z+4, -y, x;
x+‘}’ *_Y: Z;
z+3%, x+4, §;
-y, z+4, x;
y+*7 i—xo z;
1-x }—1y;
i_’; }’+i; X;
i_x, Y, *_’;
i‘_zt X, Y+}’
Y+}) g, i—x;
1-y, %, 3+4;
x+4, 3, 3-y;
s+4, §, X+};
x+*’ Y, B+%;
z+4, x, §—y;
1-y, 5, x+4;
y+;) %, i—’;
i-xv z, Y'H;
*—” Y, *—x;
X, Y+i; i—’;
2’ *"x’ Y’*‘};
Y, -2, §—x;
¥, x+4, 2+4;
x, z+4, §-y;
Z, *_Y) x+i’)
x, §-y, z+4;
% x+4, i—y;
§, z+4, x+4;
Y, i—x: *'—’;
X, i—” Y'H‘;
g Y+i, i_x;

$-x,3-y,3;
‘+iv i_xv y;
i_Y; ’+i: X;
y+3, x+3, &;
x+4, 4-3y;
-3, y+), x;
x+4, y+4, &;
*_’, X+*, Y
y+4, 43, x;
i—y’ *—X, LH
-x2+4, §;
z+4%, 4-y, &;
*'—x’ A2 ’+i;
'+}; x, i—Y;
}'—y’ 2, i—x;
Y+}: X, i"’;
x+4, 2, y+i;
}_’) Y, x+*;
x+§’ Y, i-’;
-5 x,y+);
y+4, 3, x+4;
Q—Y; %, ’+};
*—x) z, i—y;
}-29,4-x;
% 3-y, st}
5 3-x, §-y;
5 ‘+i, i—!;
Y, x+*1 §_’;
X, }—’r Y+*;
£, y+4 x+4;
x, y+4, 4-3;
% x+4, y+i;
Y, d—5 x+4;
y: i—-x, ’+*;
%, s+4, -y;
z, i’—y) }—X.

Space-Grour Of.
E1ight equivalent positions:
(a) 8i. (b) 8e.
Twenty-four equivalent positions:
(e) 24c. (d) 24h.
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0! (continued).

Forty-eight equivalent positions:

(e) 48a.

(f) 48e.

Sizty-four equivalent positions:
(g) 64a.
Ninety-siz equivalent positions:

(b) 96e.

(i) 96d.

One hundred ninely-two equivalent positions:

+)

Xyz;

Xy; x§;

$-x, $-y, i—

$-z }-—x, }-y;
-y, 4-3 }-x;
y+i, x+4, z+4;
x+4, s+, y+4;
s+3, y+4, x+4;

x+4, y+4, 3;
z+3, x+3%, y;
v+, z+4, x;
-y, 4-x,2;
*—X, i"'” y;
i_’v i-y, x;
% ¥ 33
Z % 4-y;
y; 20 i—x;
Y, x, z+4;
x, 2, y+%;
z, ¥, x+%;
x+i) Y, 8+i;
z+4, x, y+4%;
y+4, 2, x+4;
-y, % 4—3;
*—x) i: *—y‘)
$-2§ 1-x;

Ry%;
Zxy;
y2k;
¥xz;
xz§;  x3y;
£9x;  Zyx;

-x, y+3, z+4;
i+, 3-x, y+4;
y+4, z+4, $-x;
-y, x+3, 4—3;
x+4, 4-3, 3-y;
$-3 }-y, x+};

x+*, i—y: 2;
-2 x+4, 9;
-y, 4—3x;
y+3, 3—x, 3;
$—x,2+4, y;
z+4, y+4, %;
%, y, s+4%;
g, %, y+4%;
Y, &, *—X;
¥, x, 4—3;
x, %, }-y;
2, ¥ x+4;
X+}, y, ;-3;
}—’9 X, ;_Y;
-y, &, x+%;
y+3, %, 5+1%;
$-x, 5, y+3;
z+}, y, $—x;
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x+4%, 31—y, s+4%;

x+3, y+3, $—3;

z+*; X+;, i—Y;

$—3z, x+3%, y+4;

*"Y; z+i’ x+§;
y+}1 *—
y+4, 3—x, $—3;

z, x+%;

i—Y1 *'—X, ‘+*;

}—X, *—5, Y+}.

}—X, ’+}r ‘}_y;

}_’: }"H: *—X;

z+4, 31—y, $—x;

3—x, y+4, 2;
-3 4-x,y;
y+4, 3—3,%;
-y, x+4, 2;
x+%. 5+%, §;
z+4%, -y, x;
x, ¥, z+4;
g X, i’—y’
¥, z, x+4;
Y, X: i—!;
%, 8, y+4%;
E: Y, i—x;
i—xr y, i_’;
i'—’, x: Y+§;
Y+i, ’; i'—x;
31—y, x, z+4;
x’l"i: Z, i—Y;
5+§: ¥ x+*;

i—x’ *—yy z,
z+4, 4-x,§;
i_}'y z+*’ i;
y+4 x+4, z;
X+§, *—I, Y
i—z; Y+}’ X;
XY i—z;
Z x, y+i;
Y, & x+4;
¥, x z+d;
% 5 4-y;
z, §, }—x;
3-x, ¥, s+3;
’+§’ X, "'Y;
-y, 3 3-x;
Y+i1 X, *'—z;
x+4%, &, y+4;
}"” Y, x+i;
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SpPAcE-GROUP Of (continued).

X, i'_y) z;
z, }—X, ¥
5, }_z: X;
y, x+4, z;
x, z+}, y;
Z, y+i: X,
x, y+}, 2+4;
z, x+4, y+3;
y, 2t} x+4;
5, i_x) *_z;
X, *_z, *"y;
z, i_yy }—X;
‘}—X, Yy, 2
i_z: %Y
g_y; Z, %;
y+} x, 35
x+4, 5, y;
i+, 5, x;

%, y+4, g;
z, }—x, y;
Y, 2+3%, X;
¥, xt+4, z;
X, -2, §;
Z, -y, x;
X, }_y’ *_z;
Z, x+*; i_y;
Y) }—z; X+*;
Y, *—x’ 2+*;
%, z+4, y+4%;
7, y+4%, $—x;
3-x, 5, z;
z+3, X, y;
y+4%, 2, &;
‘}"Y; X, 2;
x+4, & §;
3-3 ¥, x;

Seace-Group Of.

Eight equivalent positions:
(a) 8f. (b) 8g.

Sizteen equivalent positions:
(c) 16b. (d) 16c.

Thirty-two equivalent positions:
(e) 32b.

Forty-eight equivalent positions:
(f) 48c.

Ninety-stz equivalent positions:
(g) 96e. (h) 96f.

X, i_Y) z,
5 x+4, §;
¥, 2+4, x;
y, ;—X, z;
% 43 y;
z, y+%, %;
X, Y+§: }_z;
2; *—X, Y+i;
Y, i—l, *—X;
¥, x+4, 2+3;
x, z+4, 3-y;
2, i—Y: x+*;
x+3, ¥, 3;
z+4, x, §;
*_Y) %, X,
y+i, &, 2;
}—x’ 2,y
i-3, 5 %;

One hundred ninety-wo equivalent positions:

xyz;
XY ;
yzx;

xyz;
xy;
yax;

xyz;
gxy;
y%;

@) xyz;
£xy;
yax;

-y t-x t-2; y+i t-x s+
i-x -3 t-y; i-x 2+ y+1
-z 1y t—x; z+i y+i i-x;
P-x -y, t-35 1-x y+i 2+4

x, y+} &
3 x+4, y;
Y, g_zr X;
¥, 3-x, 3
%, s+4, ¥;
Z, i_Y7 X;
x’ *_y) Z+*;
z, }—X, *—y;
¥, 2+4, 3—x;
Y, X+*, *_z;
X, ;—Z, y+}:
z, y+4 x+4;
x+4, v, &;
*—Z, XY
y+}, 3, x;
3-y, & 5
}—X, 2, ¥
z+i; ¥z

-y, x+1%, 2+%;

y+i, x+31, -3

x+%, z+%, i-y;

X+}, *—z; Y+*;

5+ii -y, x+%;
X+}, }_Y; z+*;

z, y+1, x+1;

x+1, y+i%, i-3;
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Srace-Grour O (continued).

-2 t—x t-y; s+% t—x y+i; z+i, x+%, -y
t-s x+%, v+t

}_Y) }_z’ i—x; y+}) z+}; i'_x; }-yv z"l"*r x+};
y+i, i—3 x+%;

yxz;  §x8; yE;  §Rs;
xzy; xEy; Ry;  &af;
zyx; Iyx;  Byx;  #9%;

X+*, Y+i, z, x+i; ;—y’ z; }_x, }'+§: ’; *—xl i—Y) Z

z+4, x+4, y; d—z, x+4, §;
y+i, z+4, x; d-y, 4—3, x;

}_zv *‘-X, Y; z+*) i—xs y;
y+i, 34—z, %; 4-y, z+4, %;

-y, 1—x 1-3 y+i 1-x 2+t 1-y, x+1, 34+)
v+ x+% -3
'!‘—X, i—z) }—'y; *—X, Z+*, Y+}; x+*, B+i‘, }_Y;
x+%, 41—z y+i;
*_z) -y, t—x; z+%, y+1 3—x; z+i, -y, x+%;
$-2, y+i, x+4;
{-x 1-y, t—3 -x y+i 2+t x+3 1y, s+l
x+i; )"H. *"z;
-3 1—x 1-y; 2+ i-x v+ s+i x+4 -y
{-3, x+}, y+i;
i—yr i"”: *_x; Y+f, 5+*’ }—X; i"'y) ’+i’; x+};
y+*) *_5: x+*;
y+i x+4, 5 d-y, x+4, % y+h i-x2 $-y,d-x 3
x+ir z+}) Y; X+}, *—zl VA ;—X, }—z: Y }_xx z+*: Y
s+4, y+4, x; 4—g, *_Yr x; 3—s5y+4, % s+4, -y, %;
x+4, y, 2+4 x+4, 9, 4-3 d-x,5,4-3; }-x,9,3+%;
z+*; X, Y+i; *_z) X, '}_YJ *_z) X, )’+§; 5+}; 2, i_y;
Y+i, 2, x+*; *_Y) 2, x+i; Y"H; z, i_x; i_Y9 Z, }—X;
-y t-x §-2 y+i t-x s+4 -y, x+i 2+
yt+i x+i, -3
*_xs *_zr *_Y; i—xr z+}; y+*; x+*1 z+}» *—y;
x+4, t—3 y+¥;
{-3 t-y 1—x =+ y+i, *_X; z+4, -y, x+%;
*’—z’ Y+i, x+i;
i-x t-y, -3 &-x y+i s+d x+d -y, 543
x+%, y+i, f—!;
}_’; i-x i-v; z+14, t—x, y+3};, =43, x+%, *_y;
i-5, x+%, y+1
*—Y: }—’; *—X; Y+*9 l+}, *—X; *-yy ’+}: x+*;
y+i» }—'; x+};
y+}r X, z+}; i—Y; X, }—’; Y+ir X, *_z; *_Y: %, ’+*;
x+§, E, Y'H; x+i7 z, *—y; ;—X, g, Y+*; i—!, g, ‘}—Yi
s+, vy, x+4; -3 9, x+4; -z, 5, 4—x; 2+, 9 4-x;
X, Y+§, ’+*; X, '}—y’ *_5; X, Y+}; }_2; x, *—y’ z+};
5 x+4, y+4; & x+4,3-y L d-x v+ 5 d-—xd-y;
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Space-Grour O] (continued).
Y, ’+i’ x+i; 5, -3, x+}; Y, i-’) *_x; 5 '+§, $—x;
-y, 1-x, 1-35 y+i i—x s+3 -y x+d 2+
Y+}} X+'}, *_’;
i-x i-3 1-y; t—x s+i, y+1 x+i, 2+3, iy
x+%, i-3 y+i;
-3 ¥-y, i—-x; z+i, y+i i—x; =+i, -y, x+h
}_’) Y'H, x+*’
}_xi *_Y) *—’; *—X, Y+i. ’+}; x+*; '!_Y1 '+*;
x+%, y+i -3
-3 1—x t-y; s+t i—x y+i; s+ x+% -y
i—’) x+ir Y+*;
*—y’ *—‘, *—X; Y'H‘, '+*9 *—X; i-Y; '+*t x+*;
Y+}) *-z) X+*;
Y, x+i’ ’+§; y; x+iv *—‘; Y, i—x: *-'; Y) ‘}—X, ’+};
x, 244, y+4; x, 4z -y; % 3—2,y+%; % 3+d 3y
z, Y+i; X+i, i: i—)’, x+}) ix Y-H, }—x; g, i—y’ i_x'
Space-Grour O}.
Sizteen equivalent positions:
(a) 16h.
Thirty-two equivalent positions:
(b) 32d. (c) 82e.
Forty-eight equivalent positions:
(d) 48i.
Sizty-four equivalent positions:
(e) 64b.
Ninety-siz equivalent positions:
() 96g. (g) 96h.
One hundred ninety-two equivalent pogitions:
() xyz; xyz; XyE$; @ RVs;
ZXYy, 2xy; ZXy; 2X§;
yzx;  §Ix;  y@x; @ §IX;
}—y’ }—X, }_’; Y+i, }‘—X, z+*; }_y’ X+*, ’+*;
Y+}) x+}t *"";
}—X, }—31 }_Ys *—X, l+}, Y+}u x+}; ’+}l }—y;
x+i’ t_l’ Y+};
i-3 -y, }-x; sz+} y+i t—-x; z+%, i-y, x+%
t—-3 y+31 x+4;
i-x 4y, 3—-3; i-x y+i, z+8 x+i -y, a4
x+*’ Y'H, *_’;
{-32 3-x, 3-y; z+} i—x y+§; z+% x+i -y
*—l, X+'}, y+i;
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Srace-Grour Of (continued).

*_YI *—’1 *—X; y+*’ ’+'}’ '}—x; "'-Yp ’+*9 x+*;
Y+'}: *—’r x+*;
y+3, x+4, s+3; 3-y, x+4, §—35; y+4, 3—x 4—3;
i_Y) *—x) ’+;;
x+4, 2+4, y+3; x+4%, 8-z, d-y; $—x, 4—3, y+4;
$—x, z+4%, 3-y;
s+4%, y+3, x+4; 3—3, ¥y, x+%; 3-3 y+4 3—x;
5+*1 *_YJ ‘}—X;
X+*, Y+i, 2z, x+}) }_y; z; *—X, Y+}; i, i_x’ i—Y: z,
z+}’ x+i7 Y; *—z: X+§, y; *—l, }-x’ Y ’+}) i—x) y;
v+ 2+4, x; d-y, 4—3,x; y+h 3—35% -y, 3+, %;
*—Y) *_x) }—z; Y+*, *—X, 5+i‘; *"‘)’, X+*, I+};
y+i, x+4, i—3;
i-x, 3-3 i-y; 1-x 24}, y+i; x+4 =+4 -y
x+1, -3, y+1i;
-3, -y, t—x; z+i, y+i t—x; z+%, i-y, x+i;
*_’r Y+*; X+}}
i-x: }—}’, *—l; }-X, }'+i; Z+*; X+i, i"_y; Z+*;
x+}, y+i, i-3;
-3 t—x, i-y;, z+i i—x y+i; z+i x+% -y
t—s, x+%, y+1;
}_y) }-51 *—x; Y-H, z+*} i_x; }_Y) z+*l X+*;
y+%, 1—-3 x+%;
% 2+% ¥, x 34—z v, %43 F K% 2+
X, 2, Y‘+‘i’; X, i’ i_y; 21 B: y+§; X, Z, i—Y;
ZYy, x+i; l’ 5” X+i; !’ Y, i'—x; 3, y: }—X;
x+i: Y, ’+i; x+}; ¥, i-z; i_x: Y, i'—‘; 9—xt ¥, z+*;
z+4, x, y+4; -z x. 4-y; 3—25 % y+%; z+4 %, 4-y;
y+4 5, x+%; 3-y,%,x+%; y+3, %, 4-x; $-y, 3 4—x;
-y, i—x ¥-3; y+i, t—x 2+1; -y, x+i, s+
Y+i» X+*, *_’;
*—X, *—’) *—Y; *—X, ’+}: y+*; x+i9 ’+i) *—Y;
o x+4, 13, y+3;
*—'” *—Y: *_x; z+*; y+*; }—X; Z+*, *_y) X+*;
i-3, y+%, x+4;
t-x 31—y, 1—3 %t-—x y+i, s+1; x+%, i-y, 243
x+*» Y+i, }_’;
-3 ¥—x t-y; s+i, ¥—x y+i; s+i, x+% -y
i—’: X+*, Y+*;
t-v, {—3 t—x; y+i, 3+%, t—x; -y, s+ x+%;
y+i, -3 x+1%;
Y, x+i: Z; Y) x+i: !; Y, i_x: i; ys *—xf Z;
X, ’+*’ Y, X, i—’v y; x: i—'” Yy xv ’+;! Y;
z, y+4, x; %, 8-y, x; & y+h X 3 d-y X;
x, y+%,2+%; x, 34—y, 4—3 % y+4 4-3 % 3-y, z+3;
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Space-Grour O} (continued).

2, x+bs Y+i; ’v X+‘}, }'—y; ’1 *—X, y+*; 2, i—xl Q—Y;
V, eth x+4; 94—z x+d; v, 4-353-x; §,3+4 4-x;

-, i-x -3
i-x, -3 {-y;
-5 -y t—x
{—x t-y -3
-3 1-x 1-y;

*_y’ }—’: *—X;

y+i i-x s+4;
i-x, s+%, v+
z+i, y+i, i-x;
{-x, y+i, z+4;
a+} t-x, y+i;
y+i, 243, i-x;

v+ x, 5 3-y, x, %; y+i, %, 2;
x+” 5Y,; X+i, E; y; *_x: is y;

+4, v, x; 3-8 8, x; §-3, v %;
Space-Group Of.
Two equivalent positions:
(a) 2a.
Siz equivalent positions:
(b) 6e.
Eight equivalent positions:
(c) 8e.
Twelve equivalent positions:
(d) 12h. (e) 12a.
Sizteen equivalent positions:
() 16d.
Twenty-four equivalent positions:
() 24f. () 24.
Forty-eight equivalent positions:
(i) 48l G) 48j. (k) 48k.
Ninety-siz equivalent positions:

A =xys; x¥3; Ry3; @ X9s;
Yy, 2xy; ’ =Yy ;
y=;  §ix; yi%; @ ¥sX;
yxz; yxz; ¥xs; yxi;
xzy; Xzy; x3¥; xBy;

-y, x+1, s+%;
Y+*v X+*, *'—‘;

x+%, s+4, i-y;
x+%, i3, y+4;

'+}; *—y’ x+'!;
-3 y+4 x+%;

x+%, -y, z+4;
x+4, y+i, 1—3;

5+*: X+*, }—Y;
-3, x+} y+1;

i-y, s+%, x+5;
y+i, t-3 x+%;

*_Y: xo 5,

$-x 3 3;

’+i’ y’ :'
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Seace-Grour O) (continued).

ayx; myX; z§x;  Eyx;
2y%; xyz; xyz; xyz;
gxy; =Ry, =§; Ixy;
yax; y=x;, I=; yix;
yxz;  §xI; yxE; ¥Rz
Xzy; x2§; x2y; Rzy;
yx; Iyx; IyR;  z¥X;
x+i’ Y+§r ’+;; X+§, i-y’ }_z;
’+i; X+§, Y+i; i—z) x+§) %_y’
Y+§r ’+*’ X+i; *—Y) }—l, x+*;
i_Y; i—x’ *"’; Y+iy i—x) ’+};
$-x, 4—2 d—y; d-x z+4, y+i;
i—", i"'}’, i—x; '+}y Y+*: i—x;
}—x, -y, -3 d—x y+}, s+};
-5 4—x 4-y; z+%, 3—x y+4;
*'—y} i—’; i—x; Y+§, ’+;; i—x;
y+4, x+4, 2+4; 4y, x+4, 4—3;
x+4, 5+4, y+¥; x+4, 43 4-y;
’+*1 y+}: X+§; }—Z, 9—}" x+*;
Space-Grour OV°.
Sizteen equivalent pogitions:
(a) 16h. (b) 16i.
Twenty-four equivalent positions:
(c) 24v. (d) 24w.
Thirty-two equivalent positions:
(e) 32f.
Forty-eight equivalent positions:
(D 48m. () 48n.
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}—x, Y+i, i_z;
*_x) }—Y) z+};
-3z 4—x, y+4;
z+*’ i_x; i—y;
Y+§: *—2, i—x;
-y, z+4, $—x;
-y, x+3, z+4;
Y+*’ X+}, }_z;
x+i’ z+§’ i—y;
x+§’ }—Z, Y+§;
z+*) i—ys X+},
}—z’ Y+§, X+;;
X+*, i-}’, ”+};
x+4, y+4, 3—3;
z+4, x+4, 3—-y;
$—3, x+4, y+§;
31—y, s+, x+4;
Y+*r i_xy x+*:
y+3, $—x, $—3;
-y, 4—x, z+3;
*—x: 9"57 y+§;
$-x, z+4, 3-y;
$—3, y+4, §—x;
3+i’ ’}"Y; }—X.
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Space-Grour O (continued).
Ninety-siz equivalent positions:

(b) xys; x, ¥, $—3;
xy; 3-3, x, §;
y=x; ¥, $—5, x;
*"'y, *—x, i-”;
i_x: }_’) *_Y;
-3 t-y, t—x;
%y3; % v, s+4;
2%y; s+4, %, y;
yix; y, s+3%, %;
y+i, x+3, 2+%;
X+*, ’+}: Y+i;
s+%, y+1, x+%;
X+;, Y‘H; ’+;;
’+*’ x+*: Y+i;
y+3, z+3, x+3;
*—yl *_x’ *_’;
*—X, *_': *—Y;
-2 13-y, i-x;
$-x, -y, §—3;
*_’) i_xr i_Y;
-y, 4-3 §—x;
v+ x+4, s+4;
x+*: ’+*) y+*;

s+3, y+4, X+*;

3-x, v, % % i-y 5

2 i-x,y; 3 % $-y;

Y, % 4—-x; 3-y, 3 X;

y+i 3-x s+4; 31—y, x+i, 5+4;
y+*, x+*} *—’;

t-x, s+, y+i; x+i, s+% -y
x+*; i—” Y+*;

z+}, y+3, i—-x; 3+%, 3y, x+%;
i-s3 y+i x+%;

x+4, 8, 5 x, y+4, &;

s, x+4%, §; &, x, y+%;

¥, 5 x+%; y+3, 2, x;

-y, x+}, t-3;
x+%, -3 -y,
-3 i-y x+
x+4, $-y, &;
g x+i, d-y;
-y, 8 x+};
y+i i-x 2+i;
{-x, =+%, y+4;
s+i, y+4 $-x;
t-x, y+b 5
5 3—x, y+3;
y+4 5 —x;
-y, x+3, t-3;
x+4, i-3, $-y;
-3 t-y x+§;

Y+*y *—X, i—’;
i-v, t—x z+%;
i-x, -3 y+i;
$—x, s+%, i-y;
}-32 y+i 1-x;
5+*’ *_YJ }-x;
x) Y+}’ i—’;
}—X, y) '+*;
*"’: !8 Y+*;
s+4, $—x, §;
Y+*, *—’) x;
¥, s+, §—x;
*-Yt x+}; .+*;
Y+}: x+*v *".;
x+%, =+4, -y
x+}, §-3 y+i;
’+*1 *_Y9 X+*;
*_’: Y+§, !+*;
X, i_Y: ’+};
x+%, v, $-3;
+4, x, $—y;
}—'3 x+}a Yy
-y, s+, x;
Y, -5, x+%;
y+*: i_xl *—";
t-v, i—x s+
t—-x -3 y+¥;
i-x, 3+%, i-y;
i-s y+i i—x;
'+*1 }—Y’ *—x-
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THE HEXAGONAL SPACE-GROUPS C}—Ci. 151

HEXAGONAL SYSTEM.
RHOMBOHEDRAL DIVISION.
A. TETARTOHEDRY.
Space-Grour C}.—(Hexagonal Axes.)
One equivalent position:
(a) 00u. (®) $3u. () 3.
Three equivalent positions:
d) xyz; y-x, %, 5 ¥, x—y, =
Srace-Grour C3.—(Hexagonal Axes.)
Three equivalent positions:
(8) xys; y—x, %, s+%; §, x—y, z+1.
Space-Grour C}.—(Hexagonal Axes.)
Three equivalent positions:
(8) xyz; y—x %, 2+%; §, x—y, z+4.
Space-Grour C§.—(Rhombohedral Axes.)
One equivalent position:
(a) uuu.
Three equivalent positions:
(b) xys; =xy; ysx.

B. HEXAGONAL TETARTOHEDRY OF THE SECOND SORT.
8pace-Group Cj,.—(Hexagonal Axes.)
One equivalent position:
(a) 000. () 00%.
Two equivalent positions:
(¢c) 00u; 00Q. (d$gu; $30.
Three equivalent positions: ‘
() $%44; 0%4; %04 ® %40; 040; %00.
Siz equivalent positions:
(8) xyz; y—x, %, 5; ¥, x—y, 3;
Xyz; x—y, x, %, y, y—x, &
Space-Grour Cj,.—(Rhombohedral Axes.)
One equivalent position:
(s) 000. M) 444
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Srace-Grour Cg (continued).
Two equivalent positions:
(¢c) uuu; aad
Three equivalent positions:
(d)oo4; %00; 0%o0. () $30; 0%%; 304%.
Siz equivalent positions:
() xys; =xy; ysx; 2§2; IRy; 9Ex.

C. HEMIMORPHIC HEMIHEDRY.
Srace-Group Cj,.—(Hexagonal Axes.)
One equivalent position:
(a) 00u. ®) $iu () $3u.
Three equivalent positions:
(dutav; 20,0, v; u, 2u, v.
Siz equivalent positions:
(e) xys; y-x, %, 5 § x-y, 5
§%z; x, x—y, 2; y—x y =z
Sprace-Group Cg,.—(Hexagonal Axes.)
One equivalent position:
(a) 00u.
Two equivalent positions:
®) $3u; $iu
Three equivalent positions:
(¢c) uuv; Odv; aO0v.
Siz equivalent positions:

(d) xys; y—x, &% 2; § x-y, 3;
yxs; %, y—X, z; x—Y, §, =

Space-Group Cg.—(Hexagonal Axes.)

Two equivalent positions:
(® 00u; 0, 0, u+i. (¢) $3u; 4 % utid.
®) $$u; $, 4 utd

Siz equivalent positions:
(d) xys; y-x, % 5 ¥, x-y, 5;

x, x—y, s+%; %, % s+%; y—x, y, s+4.




THE HEXAGONAL SPACE~-GROUPS Cq—Dji. 153

Space-Grour Cy.—(Hexagonal Axes.)

Two equivalent positions: _

(8) 00u; 0, 0, u+i. ®) $3u; § %, utd.
Siz equivalent positions:

(c) xys; y—X % 3; ¥, x=y, %

Y, %, z+}; % y—x, st} x-y, §, z+d.
Space-Grour Cy.—(Rhombohedral Axes.)
One equivalent position:
(a) uuu.
Three equivalent positions:
(b) uuv; vuu; uvu.
Siz equivalent positions:
(¢) xyz; =zxy; yzx; xgy; Zyx; yxa.
Spacx-Group Cy.—(Rhombohedral Axes.)

Two equivalent positions:
(8) uuu; u+#, uts, utd
Siz equivalent positions:
(b) xyz; 2Xy; yzx;

x+4, z+3%, y+4%; z+3%, y+3, x+%; y+4, x+34, z+4

D. ENANTIOMORPHIC HEMIHEDRY.

Space-Grour D;.—(Hexagonal Axes.)
One equivalent position:

(a) 000. (c) $%0. (e) 330.
(b) 004%. d) 313 " 233

Two equivalent positions:

(g) 00u; 00 (i) $4u; 330,
(h) $3u; 30

Three equivalent positions:

(G) uao; 2q, q, 0; u, 2u, 0.
(k)uad; 20,9 4 u, 2u, %

Siz equivalent positions:

(l) XYz, y—x, X, 2; Y: XYy, %,
X, X—y, Z; J¥XZ; y=x, Y, 2.
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Space-Grour D;.—(Hexagonal Axes.)
One equivalent position:
(a) 000. () 004.
Two equivalent positions:
(c) 00u; 0040 (d $3u; 130
Three equivalent positions:
(¢) uu0; 0a0; 000 ) uui; 0a4s; 00l
Siz equivalent positions:
(®) xys; y—x, & 3; §, x-y, z;
yx#; % y-x, % x-y, § 2
Space-Grour D}.—(Hexagonal Axes.)
Three equivalent positions:
(a) ut}; 20, 0, ¢4; u, 2u, 0.
() uaf; 20,0, 4 u 2u, %
Siz equivalent poeitions:
(c) xys; y—x, % z+%; §, x—y, s+§;
y-x, v, % ¥ % -5 x x—y §-s
Space-Grour D§.—(Hexagonal Axes.)

Three equivalent positions:

(a) u00; aas; Oud. (b) u0%;, aa§;, Oui.
Siz equivalent positions:

(¢) xys; y-x, % :+%; § x—y, 3+§;

X-=Yy, YJ ’; Yy, X i—l; X, y—Xx, *-"
Space-Grour D§.—(Hexagonal Axes.)
Three equivalent positions:
(8) uad; 20,0, § u 2y %
(b)utng; 20,1, %; u, 2u, 0.
Siz equivalent positions:
(c) xys; y-x, % 5+%; §, x—y, s+§;
y—x, 5, ; y: X, *—’; X, X-Y, }-z-
Space-Grour D§.—(Hexagonal Axes.)

Three equivalent positions:
(a) u00; Ou}; aa4. (b) uO%; Oug§; uai.
Siz equivalent positions: '
(c) xyz; y—x, %, s+%; ¥, x—y, 2+

x-y, ¥, &; Yy, X, ‘}-’; X y—x i_"
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Space-Grour D].—(Rhombohedral Axes.)
One equivalent position:
(a) 000. ®) 344
Two equivalent positions:
(¢) uuu; Gad.
Three equivalent positions:
(d) ut0; 4Ou; Oud. () uii4; tdu; $ui.
Siz equivalent positions:
(f) xys; y=x; =xy; §xi; XE¥; Zy%.

/

E. HOLOHEDRY.

SpacE-GroUP Djq.—(Hexagonal Axes.)
One equivalent position:
(a) 000. (b) 00%.
Two equivalent positions:
(¢c) 330; %30. () 00u; 00.
(GRS EHEEE X 3
Three equivalent positions:
() 430; 0%0; }00. (® %343 0%44; 404
Four equivalent positions:
M) 24u; 330 $iu; 3i0
Siz equivalent positions:
(i uao; 21,0 0; u, 2u, 0; Au0; 2u, u,

0;
(G) utd; 20,0, 4; u, 2u, §; Gui; 2u, u §;
(k) uuv; Odv; GO0v; uOv; GG¥%; Ouv.

Twelve equivalent positions:

M) xyz; y—x, %, z; ¥, x—y, 3; X, x—y, Z; ¥:2; y—x,y, Z;
xyi; X=-Y, X, &; Y, Y—X, Z; X, Y—X, z; yXz; Xx-—Y, }.’1 2.

Space-Grour D3y —(Hexagonal Axes.)

i ]

24, 0.
24, §.

(==

~

Two equivalent positions:
(a) 000; 00%. (c) $30; %44
() 00%; 00%. (CVR X £ HEE ¥ X12
Four equivalent positions:

() 00u; 00d; 0,0, 4—u; O, 0, u+4%.
) %4u; ¥30; §, % 4—vu; & 4, utd
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Srace-Grour Dy (continued).
Stz equivalent poeitions:

() 34%; 0%%; 40%; 30%; 34%; o0ii
(h) ut0; 20,9, 0; u, 2u, 0; Qud; 2u, vy, 4; 0, 240, 3.

T'welve equivalent positions:
(i) xyz; y—x %, 3; ¥, x-y, z;
X, X-Y, i; yi’; Yy—x Yy, g

5% 8-z  x-y, x $-3 y,y-x i’-z;
%, y—x, z+%; vy, x, 344, x-y, §, z+}
Space-Grour D}q.—(Hexagonal Axes.)
One equivalent position:
(a) 000. (b) 003.
Two equivalent positions:
(¢) 00u; 0O0. d) $43u; 230
Three equivalent positions:
(e) $30; 0%0; }00. ) 434 033 %04
Siz equivalent positions:
(g) uu0; 0020; 400; G1d0; Oul; uooO.

(h) uud; ou}; a04; ati; Oui; uwod
@) utv; 20,40, v; u, 2u, v; 4u¥v; 2u, u, ¥; 4, 204, V.

Twelve equivalent positions:
() xysz; y—-x, %, 5 ¥ x-V, 3
X, y—-x, Z; yxz; =Y, ¥ &
iy’; x-Yy, X, i; Y, YK, i;
X, X=Y, z; §Xz; y—x, Yy, &
SPACE-GROUP Dygg.—(Hexagonal Axes.)
Two equivalent pogitions:
(a) 000; 003. (b) 00%; 004%.
Four equivalent positions:

(c) 00u; 00d; 0,0, 3—u; 0, 0, u+i.

d) $3u; $30; 3, 4 3—u; %, & utd
Siz equivalent positions:

() 04%; 40%; #4%; 04}, 20%; 33i

(f) uu0; 000; 400; GG4; Oud; uoh

Twelve equivalent positions:
(® xyz; y-x, % 5§ x=y, 3
X y—x, z; yxi; X-Yy, y: Z;

% ¥, 3—3; x—Y, X, 4—3; y, y—x, §—3;
x, x-y, z+%; ¥, %, s+4%; y—x, y, =+%
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Space-Grour Dy, —(Rhombohedral Axes.)
One equivalent position:
(a) 000. () 444
Two equivalent positions:
(¢) uuu; add.
Three equivalent positions:
(do00%; 040; }00. (e) $340; 30%; 034
Siz equivalent positions:
(f) ui0; 40u; Oud; Au0l0; ulda; Odu
(g) utd; Giu; 3ud; Gud; uia; 2du
(h) uuv; uvu; vuu; 4AGV; A9Q; vad
Twelve equivalent positions:
() xyz; y=; =xy; FiI; X2¥; Z¥%;
Ryz; yix; 2Xy; yxz; Xxzy; 2yx.
L 0> Srace-Grour Dy —(Rhombohedral Axes.)

Two equivalent pogitions:

(a) 000; %44 b)1t: 1i%
Four equivalent positions:

(c) uuu; 408; $—vu, $—y, $—u; u+ti, uti, utd
Siz equivalent positions:

d) i) 3i% 11E 1% ii%; 1tk

(e) ud0; a0u; Oudg;

}—u, u+}, i, u+}’ *r i"\l; i; *—ul u+;-

Twelve equivalent positions:

) xys; y=; =y;
yxz; xay;  z9%;
4-x 4y, ¥—32; 3y, ¥—32 ¥—x; §—3 }—x 4-y;
y+4, x+3%, 2+4; x+3, z+3, y+3; s+, y+4, x+3.

HEXAGONAL DIVISION.

A. TRIGONAL PARAMORPHIC HEMIHEDRY.
SpacE-Group Cj.—(Hexagonal Axes.)

One equivalent pogition:
(a) 000. (c) 3%0. (e) $%0.
(b) 004. d) %43 " 1%
Two equivalent positions:
(g) 00u; 00q. (i) $3u; t%a

() $3u; 80
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SPACE-GroUP Cg, (continued).
Three equivalent positions:
G) uv0; v—u, 9,0; ¥ u-—v,0.
k)uvi; v—u, 0, 4; ¥ u-v, %
Siz equivalent positions:
(l) Xyz; Y—KX, iy z, y’ XYy, Z;
ny; y—Xx, i: i; yr xX-Yy, z.

B. HEMIHEDRY WITH A THREE-FOLD AXIS.

(Trigonal Holohedry.)
Space-GrouP Djy.—(Hexagonal Axes.)
One equivalent position:
(a) 000. (c) 3%0. (e) $40.
(b) 00 4. d 213 M 434
Two equivalent positions:
(g 00u; 0041. ) $3u; 330

() 4u; 110

Three equivalent positions:
(j) uao0; 24, 9, 0; wu, 2u, 0.
(k) uti; 26,0 % u 2y i

Siz equivalent positions:
I uvo; v—u, 4, 0; ¥, u~v, 0;
u, u-v, 0; via0; v—u, v, 0.
(m)uvi; v—u, @, §; % u-v, §;
u u—v, ; viu4; v—u, v, .
(m) udv; 20,4, v; u, 2u, v; ulv; 24, 4, ¥; u, 2u, v.
Twelve equivalent positions:
(0) xysz; y—x, % 3; § x-y, z;
X, Xx—y, %, ¥Xi; y—x, 5, %
x)'ﬁ; yY—Xx, i; i; yr XYy, ﬁ;
X, X=Y, z; ¥Xz; y—x, 5, 2
Space-Groupr Dj,.—(Hexagonal Axes.)
Two equivalent positions:
(8) 000; 00%. d) $$%; 141
(b) 00%; 00%. (e) 340; 413
(c) $30; +%4. M 431 111
Four equivalent positions:

(g 00u; 00d; 0,0, 4—u; 0, 0, u+i.
(b) $3u; $%0; 4, 4 3—u; § & utd
(i) 34u; $10; 4, %, 4—vu; & 3 utd
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Space-Grour D3, (continued).
Siz equivalent positions:
() uwao; 20,1, 0; u, 2u, 0; uid; 24,9, %; u, 2u, .
(k) uvi; v-u, 4, §; ¥ u-v, §; :
u, u-v, }; vai; v—u, v, {.
Twelve equivalent positions:
M xysz; y—x, &% z; ¥, x~y, z;
X, X—-Y, %; yxz; y-x, v, &
x,Y, -2, y-x % }-3 ¥ x-y, }-3;
x, x—y, z+4; §, %, z+4; y=x, 5, s+%.
Srace-Grour DJ.—(Hexagonal Axes.)
One equivalent position:
(a) 000. () 004%.
Two equivalent positions:
(c) $440; %%0. (¢) 00u; 00
(CEEEHIEEE S
Three equivalent positions:
@ uuo; 000; 200. () uud; 0a4; 004
Four equivalent positions:
() $3u; $30; 340; fiu
Siz equivalent positions:
@@ uuv; Odv; a0v; 40¥%; uuv; 00V
(G) uv0; v—u, 1, 0; ¥ u—v, 0;
vu0; @, v—u, 0; u-v, ¢, 0.
(k) uvi; v—u, ﬂ, *; v: u-v, i'
vui; 4, v—u, §; u-v, ¥,

Twelve equivalent positions:
(1) Xyz; y—x, X, 3; }-'v X-=-Yy, %;
X, y—Kx, i; yxi; X-Yy, y: ’;
m; y—x %, ﬁ; Y9 x-Yy, ;
X, Y—X, z; yxz; x-y, ¥ =
Space-Grour Dj,.—(Hexagonal Axes.)
Two equivalent positions:
(a) 000; 004%. (c) $4%; 111
() 00%; 004% @11t 11t
Four equivalent positions:

(¢) 00u; 00Q; 0,0, 4—u; 0, 0, uti.
(f) i*u; **ﬁ; i: ;! ;—u; 1’7 i) “+§-
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SpracE-GroUP Dy, (continued).
Siz equivalent positions:
() uuO; 000; 000; uug; 003; w004
M uvi; v-u, 0, §; ¥ u-v, };
vui; 4, v—u, ¥, u-v, ¢ %

Twelve equivalent positions:
(i) xyz; y—x, X, z; ¥, x-y, 5
X, y—x, %; yxz; x-y, ¥, &

X,y $—3z; Y—X, X, 4—3; §, x—y, }—3;
X, y—x, Z+i; Y, X, Z+i; x-y, §, ’+*-

C. HEXAGONAL TETARTOHEDRY.

Space-Group C;.—(Hexagonal Axes.)
One equivalent position:
(a) 00u.
Two equivalent positions:
®) 13u; $3u
Three equivalent positions:
(¢) $3u; O%u; 30w
Siz equivalent positions:
(d) xyz; y—x %, 2; §, x-y, 3;
Xyz, x—y, X, 2; ¥y, Y—X, &
Space-Group C3.—(Hexagonal Axes.)
Siz equivalent positions:
(a) xyz; y—x, %, z+%; §, x—y, z+§;
%, ¥, 2+4; x—y, x, 2+ y, y—x, 2+4.
Spacke-Group C}.—(Hexagonal Axes.)
Siz equivalent positions:
(8) xyz; y—x, %, z+4; ¥, x—y, z+4;
%, ¥, z+%; x-y, x, z+¥; y, y—x, s+t
Space-Group Cj.—(Hexagonal Axes.)
Three equivalent positions:
(@) 00u; 0, 0, u+4; 0, 0, u+ti.
(®) $3u; O, 4 uti; 4,0, utid.
Siz equivalent positions:

(¢) xyz; y—x, %, z+%; ¥, x—y, z+%;
iyZ; X-Yy, x, z+§; Y, Y—X, z+*
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Space-Grour C§.—(Hexagonal Axes.)
Three equivalent positions:

(8) 00u; 0, 0, u+4; 0, 0, u+4.
() $3u; O, 4, u+ti; 4,0, uti.

Siz equivalent positions:

(0) xyz; y—x, %, z+4%; ¥, x—y, z+4;
xyz; Xy, X, z+}; Y, Y—X, z+§'

Space-Grour C.—(Hexagonal Axes.)

Two equivalent positions:

(a) 00u; O, 0, u+i. M) 33y
Siz equivalent positions:

(c) xys; y=x, %z, § x-V,

X, 5’; Z+i; X-Yy, X, z+*; Y, Y—X,

$1 utd.

z,

z+4%.

D. HEMIMORPHIC HEMIHEDRY.

Space-Grour C},.—(Hexagonal Axes.)

One equivalent position:
(a) 00u.

Two equivalent positions:
(®) $3u; $iu

Three equivalent positions:
(¢) $3u; O%u; 30u.

Siz equivalent positions:
(d) uuv; 0dv; 40v; Gidv; Ouv;
() udlv; 20,4, v; u, 2u, v; Quyv;

Twelve equivalent positions:

(f) Xyz, Yy—x % 2 § x-y, 5
£yz; X-Yy, X, % Y, YK, %
X, Y—X, %; YyXg; =Y, ¥ z
X, X—Y, z; ¥Xz; y—xy, 2

Space-Grour Cj,.—(Hexagonal Axes.)
Two equivalent positions:
(a) 00u; O, 0, u+4.
Four equivalent positions:

2u, u, v;

ulv.

) $3u; 33u; &, 4, utd; 4, 3 utd

q, 24, v.

161
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Space-Group Cq, (continued).
Siz equivalent positions:

(¢) $3vy; 0}u; 30u;
4, 4, ut+d; O, 4 u+td; 4, 0, uti

Twelve equivalent positions:
(d) xysz; Yy—X, % 2; §, x—y, z;
Xyz; X-Yy, X Z, ¥, Y—X, Z;

i) y—Xx, z+}’ Yy, X, z+*; Xx=Yy, y; z+*;
x, x—y, z2+%; ¥, & 2+%; y—x y, z+4.
Space-Group Cg,.—(Hexagonal Axes.)

. Two equivalent positions:
(a) 00u; O, 0, uti.
Four equivalent positions:
() $3u; & 4 utd; du; 4, 8 utd
Siz equivalent positions:
(c) uuv; Odv; a0v;
4, G vt+s; 0, u v+i; u 0, v+i
Twelve equivalent positions:
(d) Xyz, y—x, x} z, Y) XYy, g
2; y; z+*; X-Yy, X, z+*; Y, YK Z+*;
X, Yy—x, 2; YXz, x-y, ¥, z;

X, Xx—-Yy, Z+*; yy x: z+i; y—x Yy, z+*-
Space-Group Cg.—(Hexagonal Axes.)

Two equivalent positions:
(a) 00u; O, 0, u+i%. M) 33u; 4 %, utsd
Siz equivalent positions:
(c) uiv; 24, 10, v; u, 2u, v;
0, u, v+4; 2u, u, v+4; 4, 2a, v+4.
Twelve equivalent positions:
(d) xyz; y—x, % 3 ¥, x=y, 3;

i; y; z+*; X-Yy, X, z+*; Yy, YK, z+*;
X, y—x, z+i; Y, X, z+i; Xy, ¥y, Z+};
X, X—Y, 2, ¥xz; y—x, Y, &
E. PARAMORPHIC HEMIHEDRY.
8PACE-GROUP Cgy.—(Hexagonal Axes.)
One equivalent position:
(a) 000. (b) 00%.
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SpacE-GROUP Cgqy (continued).

Two equivalent positions:
(c) 430; 4130 (¢) 00u; 00.
d 334 #3414
Three equivalent positions:
(f) $440; 030; %00. () %34 044; 404

Four equivalent positions:

() $#u; $4u; 110; $i0
Siz equivalent positions:
() $4u; Ou; 40u; %%0; O%a; 404
() uv0; v—u, @, 0; ¥ u—v, O,
av0; u-v,u, 0; v, v—u, 0.
(k) uv}; v—u, ﬂ, }; v) u-—-v, ;;
04; u—v,u, %; v, v—u, 4.
Twelve equivalent positions:
M xyz; y-x, % 2; §, x—Y, g
RS'Z; X-Y, X, %z, ¥, Y—X %
in; yY—Xx i; i; y; X-Yy, z;
Xyi; XYy, X, i; Y, YK, Z.
SPACE-GrouP C.h.—(Hexagonal Axes.)
Two equivalent positions:

(a) 000; 00%. (c) 330; 211
(b) 00%; 00%. d) 3%14; 210
Four equivalent positions:

() 00u; 001; 0,0, 3—u; 0, 0, u+4.
() 24v; 330; 4, 5 3—vu; % %, utd
Siz equivalent positions:
() %31 0%1; 40%; 44%; 0%%; 30i
(h) uv0; v—u, 0, 0; ¥ u—v, 0;
ﬁv}; u-=v, u, i; vV, v—u, }‘

Twelve equivalent positions:
(i) xyz; Y—X, %, z; ¥, x-y, z;
% ¥, z+%4;, x—y, x, 3+%; y, y—x, z+4;
m; y—x, i, i; y) X-Yy, z;

X ¥, ;_z; X-y, X, ;—z; Y, Y—X, }—Z.

F. ENANTIOMORPHIC HEMIHEDRY.
Space-Group Dj.—(Hexagonal Axes.)
One equivalent position:
(a) 000. (b) 004.
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Space-Grour Dy (continued).
Two equivalent positions:

(c) $40; %30 (e) 00u; 0041.
d$4%; #33

Three equivalent positions:

(f) 440; 0%0; %00 ® %% 0%%; 204
Four equivalent positions:

() $4u; 33u; $30; 30
Siz equivalent positions:

(@) 4%u; Od4u; 40u; 440; 040; 400
() uu0; 010; @w00; ad0; Ou0l; uoo.
(k) uug; 0aj; a04; aa4; Ous; uo

(1) uao0; 28,0, 0; u, 2u, 0; Guo0; 2u, u, 0; q, 24, 0
(m)utdd; 20,8 4; u 2u, §; Qud; 2y, u 4; @ 24 %
Twelve equivalent positions:
(n) xyz; y—X, % z; ¥, x—y, z;
xyz; X=-Y, X, 2; ¥, Y—X, 2,
i’ yY—Xx, !; Yﬂ; X-Yy, YI 2;
X, XY, i; Yif; Y—xYy, g

Sepace-Grour Dj.—(Hexagonal Axes.)
Siz equivalent positions:

(a) OuO‘; ul0$; aa4; 001}; 40%; uui. .
(b) utig; 20) a, *; u, 211, 13 uu%; 2!1, u, *; a, 2u) i3-

Twelve equivalent positions:
(c) xyz; y—x, %, z+3}; ¥, x—y, 5+4%;
%, ¥, z+%; x-y, x, z2+§; y, y—x, z+4%;
%, Y—X, Z; x-y, ¥, -2 ¥, x, {—3;

X, x—y, —2; y-x, 5, -2 ¥ % §—=z
Space-Group D}.—(Hexagonal Axes.)
Siz equivalent positions:
(a) Ou0; u0%;, aai; Oui; 403; uuf.
(b) ulsy; 20,0, 4; u 2u, 3; Gugp; 2u, u i; 0,20, 5
Twelve equivalent positions:

(¢) xyz; y—x, %, z+4; ¥, x—y, z+4;
% ¥, 2+%; x=y, X, z+%; ¥, y-x, 2+4§;
i: yY—x E; X-Yy, y’ *-z; Y, X, ;—z;
X, X-Y, i—z; Yy—x5Yy, *—z; y’ i: *_’-
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Srace-Grour D§.—(Hexagonal Axes.)

Three equivalent positions: I
(a) 000; 00%; 00% (c) $%4%; 030; 304%. i
(b) 00%; 00%; 00¢% 4% 034 %0% .

Siz equivalent positions:

(e) 00u; 0, 0, u+$; 0, 0, ut+i;
00da; 0,0, 3—u; 0,0, §—u.
® $3u; 0, 4 ut+y; 3, 0, uti;
ion; 0’ ;9 ‘l—\l; ir *; g'-u'
(® uul; 000; 00%; ad3; Oul; uo4d
(b) uug; 0n4; aog; aag; Oui; uog.

(i) uiad; 20,9, 0; u,2u, §; dul; 2y u 0; 4, 21, §.
() uag; 20,0, 4; u, 2u, §; Qu§; 2u u 4; q, 20, &
Twelve equivalent positions:
(k) xys; y—x, % z+%; §, x—y, z+%;
iy'; X-Yy, X, ‘+*1 Y, YK, z+§;
X’ y—x, i; -y, S’, ‘}—'2; Y, X, f"'z;
X, X—-Y, 2, y—Xx, Y, i—z; ¥ X *—"
Space-Grour D{.—(Hexagonal Axes.)
Three equivalent positions:
(a) 000; 00%; 004%. (c) 4%4%; 0%4; 404
(b) 00%; 00%; 00%. (d) 433 040; 304
Siz equivalent positions:
(e) 00u; 0,0, u+4; 0, 0, u+ti;
00d; 0,0, §—u; 0, 0, }—u.
® 4%4u; O, 4 uti; 4 0, utid;
'}Oﬂ; 0) *: *—u; i: *9 i—u-
(® uu}; 0u}; a0§; aag; Oui; uof
(h) uug; 000; 003; ad4; Ouol; uo}.
(@) utg; 20,0, 4 u 2u, § Qui; 2y, u, §; 4 20 ¢
(G) utd; 20,0,0; u, 2u, §; QGug; 2y u, 0; 0 20, &
Twelve equivalent positions:
(k) xys; y—x, %, s+3%; ¥, x—y, z+4;
%§32; x—y, X, s+%§; vy, y—x, 2+%;

% y-x, % x—y, § 4-3 vy x $-3
X, Xx—~y, Z; y—x,y, -z §, % }—s
Sprace-Grour D§.—(Hexagonal Axes.)
Two equivalent positions:
(a) 000; 003%. (c) %% 111
(b) 00%; 00%. d 311 14t
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8race-Grour D} (continued).
Four equivalent positions:
(e) 00u; 00d@; 0,0, u+4; 0,0, 3—u.
® $3v; 310; 4 4 utd; 4 4 d-u
Stz equivalent positions:
() uu0; 040; 000; a04; Oui; uo}

()uai; 20,9, % w 2u, §; Gu; 2u,u §; @ 29 %

Twelve equivalent positions:
(l) Xyz; y—x, %, z; y: XY, &
X, y: 5+*; -y, X, 5+*’ Y, YK, z+}’
X, y—x, Z; x-y, ¥, g; yxz;

X, x—y, ¥—2; y—-x, 5 4—3; ¥ X, }—uz

G. HOLOHEDRY.
8race-Group Dg,.—(Hexagonal Axes.)
One equivalent pogition:
(a) 000. (b) 004%.
Two equivalent positions:
(c) $430; 24%0. (e) 00u; 00Q.
CREEEHEEE2
Three equivalent positions:

(H %%0; 0%0; %00 (® %33 043
Four equivalent positions:
(h) 33u; $3vu; $30; 340
Siz equivalent positions:
() $%4u; O%4u; %0u; 3%0; 04a; 3040
() uu0; 000; a400; 4a0; OuO; uoo.
(k) uui; 004; 004; at4; Oul; uoi.
(1) uaO; 20,1, 0; u, 2u, 0; Qu0; 2u, u, 0;
(m)utd; 20,0 %4 u 2u, %; dud; 2y u §;

Twelve equivalent positions:

(n) uuv; O0Odv; a0v; 4dv; Ouv; uOlv;
uu®; 04¥%¢;, 009, Gd¥v;, Ouv; uolv.
(o) udiv; 28,1, v; u, 2u, v; Guv; 2u, u, v;

utv; 24,4, ¥, u, 2u, ¥; duv; 2u, u, ¥;
(p) uvo; v—u, @, 0; ¥, u—v, 0;

avo0; u-v, u, 0; v, v—u, 0;

4, v—u, 0; u-v, ¥, 0; vuo0;

u u-v, 0; v—u, v, 0; ¢10.

g, 20,
4, 2a

$04%.

0.
»

4, 24, v;
a, 2a, V.
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Space-Grour Dg, (continued).
(@ uvi; v—u 8, §; ¥, u-v, §;
avi; u-v, u, §; v, v—u, %;
q, v—u, §; u-v, %, §; vui;
u, u—v, ¥; v-u, v, §; vias

Twenty-four equivalent positions:
(r) xyz; y—X, %, 2; ¥, x-y, z;
bt H =Y, X, % Y, Y—X, %

%, y—-x, %, x-y, ¥, % yxi;
X, Xx~Y, 2, y—x, Y, %, ¥%%;
XyZ; Y-x, % %; ¥, x-y, g
xyz; -y, X, Z; y, y—x, 2Z;
% y—x, z; x-Y, ¥, 2; yxsz;
X, Xx—Y, &, Y—X, Y, Z; ¥R

Space-Grour Dgh.—(Hexagonal Axes.)
Two equivalent positions:
(a) 000; 00%. () 00%; 004%.
Four equivalent positions:

(c) $30; %10; 314 21
CEESHESEHEET HIEE & 3
(e) 00u; 001; 0,0, $—u; 0, 0, u+i.

Siz equivalent positions:

(® 330; 030; 300; 333; 043 3o0i
(@ %31 03%; 30%; 33%; o0%%; do0i

Eight equivalent positions:

(h) $3u; #3vu; & 3, utd; 4, &, utd;
$30; $10; 3, 4, 4-u; 4 & 3—u.
Twelve equivalent positions:
(@ 33u; O%u; 40u;
$4a; 0%a; 304;
}: *7 *—u; 0, *r i"'u; ;: 09 i—u;
%, % utd; O % utd; 4,0 utd
(G) uuO; 040; a900; ©020; Oul; uoO;
uug; Oa4; 004, 0aid; Oug; uos
(k) udiO; 20,4, 0; u, 2u, 0; Gu0; 2u, u, 0;
ulid; 20,9, 4; u 2u, 4 dQud; 2u,u ¥;
(l) uv*; v—u, ﬂ, *; 7, u-v, *;
v u-v,v, % v, v—u §;
vu}; a4, v—u, *; u-=v, v, '!;
vdd; wy,u—-v, ¥ v—u v §

-

e
- 3-1
- o

-
* e



170 TABLES: TRICLINIC AND MONOCLINIC SYSTEMS.

TABLES.

The following tables provide s smnmary of the number snd kinds of the
different arrangements to be obtained from each of the spacegroups. In
these tabulstions the symbol 1 (0), for instance, signifies one arrangement
(s special case) having no variable parameters; similarly the symbol 3 /2
would mean three arrangements having two varisble parameters each.

Tamz 3—TRICLINIC SYSTEM.

1
. Number of
8pace-Group. T Postioas. ]
1 2
A. Hemihedry:
Crcenenl.. 1(3) ..
B. Holohedry: |
Cle.. ... 8 (0) 1(3) X
L TasLz 4—MONOCLINIC SYSTEM.
Number of equivalent positions.
Space-Group.
1 2 4 8
A. Hemihedry:
Cloiviiiin 2 (2) 1(3)
Cl o e 1(3) e
Gl e 1(2 1(3)
Cl e e 1(3)
B. Hemimorphic
Aemihedry:
Clooriiie 4 1(3)
U v 13) -
Gl ceen 2(1) 1(3)
C. Holohedry:
1, 8 (0) 4(1); 2(2 1)
H 4(0); 1(2) 1(3)
2 (0)
A ceen 4(0) {2 Q) 13
1(2)
ettt reerrianan 4(0); 2 (1) 1(3) )
L0 4 (0) 1(3)
- 4(0); 1(1) 103
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170 TABLES: TRICLINIC AND MONOCLINIC SYSTEMS.

TABLES.

The following tables provide a summary of the number and kinds of the
different arrangements to be obtained from each of the space-groups. In
these tabulations the symbol 1 (0), for instance, signifies one arrangement
(a special case) having no variable parameters; similarly the symbol 3 (2)
would mean three arrangements having two variable parameters each.

Tasie 3.—TRICLINIC SYSTEM.

Number of
8 Group. equivalent positions.
1 2
A. Hemihedry:
Crovevvnnnn, 1(3) e
B. Holohedry: ,
Cl.......... 8 (0) 1@3)
TasrLe 4—MONOCLINIC SYSTEM.
Number of equivalent positions.
Space-Group.
1 2 4 8
A. Hemihedry:
Gl 2 (2) 13)
Gl ceen 1(3) ceen
Clo ceen 1(2) 1(3)
Cler e cenn 1(3)
B. Hemimorphic
hemihedry:
Gl 40 1(3)
Cho e e 1(3) ...
Gl ceen 2(1) 13
C. Holohedry:
- 8 (0) 4(1); 22 1(3)
- 4(0); 1(2 1(3)
2 (0)
Chv i ceet 4(0) {2 (1) 1(3)
1(2)
Cheeveenanennnns 4(0); 2(1) 1(3)
L 4 (0) 1(3)
Chveriieeenenn, 4(0); 1(1) 13
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TABLES: ORTHORHOMBIC BYSTEM.

T @1 @z:Mz|MT1:0F e T e
. Aﬂvﬁ Aﬁvﬂmauvﬂ PRI . ce e BRI RN .n‘
@1
Amv .— A_Hv* AOV* .. e s e e s e . . ..y
o1
@1 |@e@1| M9 ¥ T CwA
AMV,H AﬂV”mQVN A°VN « .. CECECE) . .. . DRI -'ﬂ>
@1 @emMejMe ¥ 03z SRR E L A T
@1 M¥:0)3 (VK4 R .
e @r @z:Me|M1O9 SRR I E Tt
.. AMV.H Aﬂvﬁmﬁﬁvw onc e e e e s s e s e e e s e .u>
" @1 avym:: (N9 0z (VB2 T g
21
. .. Amvﬁ AﬂvN AQVN eee | sees leesessenaeen e s e e . -u>
(O
(@) 2
. AﬂVﬁ A‘HVﬁ AAHV.H NAQVN .. . D R ) hﬂ>
(O
. B ®r |@1'0z . T "sA
43 Coor 8 4
*dnoiny-aoedq
‘suorjisod juarsamba Jo Jequin)

"(QFANIINOD) WHLSAS OIFWOHYOHIYO—'¢ T1av]



174 TABLES: TETRAGONAL SYSTEM.

TasLe 6.—TETRAGONAL SYSTEM.

Number of equivalent positions.
Space-Group.
1 2 4 8 16 32
A. Tetartohedry of the
second Sort:
i, 40) 3(Q) 1(3)
S ... 4(0) 2 (1) 1(3)
B. Hemihedry of the
second Sort:
Vi 40)]20);2M[50);1@2)| 13
Vi ... 6(0) 7Q) 1(3)

Vi 20 1)1 Q); 1) 1(3)

T 20 2(1) 1(3)
Vi ... 4(0) 3(1) 2(1);2@) 11
Vi 4 (0) 5 (1) 1(3)
Vi 4 (0) 4 (1) 1(3)
Vi 4 (0) 4(1) 1(3)
Vi 4 (0) 2(1) 2(1); 1(2)|1(3)
Voo 4 (0) 4(1) 1(3)
Vit o 2(0) 20);1())3M); 1@ - 1(3)
A’/ S 2 (0) 2(1) 1(3)

C. Tetartohedry
(0} T 2(1) 1) 13)
Choe e cees 1(3)
G el 3(1) 1(3)
Ct..oovi 1@3)
Ch cees 1(Q1) 1(1) 1@3)
Ch.. 1(1) 1(3)

D. Paramorphic

hemihedry:
Cino oo 400)(2@0);21)11);2@)] 1@
b e ....| 6() 3(); 1@ 13
T ..200); 1 @)20);10) 1(3)
b .. 2(0) 2(0;2(1) 1@
1(0)

e e e Ll 2(0) 2(@00); 1(1)] {1 1(3)
1(2)

e e 2 (0) 20);1(1) 1@




TABLES: TETRAGONAL SYSTEM.

TasLe 6.—TETRAGONAL SYSTEM (CoNTINUED).

175

Number of equivalent positions.
Spaoce-Group.
1 2 4 8 16 32
E. Hemimorphic
HE 2() 1Q) 3(2) 1(3)
Coeviennnn o 2Q) 1(2) 13)
Cooo oot 2(1) 1(1); 1) 1(3)
[0) S 1Q1) 1(1); 12 1(3)
Cheooeno .. 2(1) 1(1) 1(3)
[0} S, 1(1) 1(1) 1(3)
Cho i 3(1) 2(2) 1(3)
Ch.oo ool 2(1) 1(3)
Choerernnt. 1(1) 1(1) 2(2) 1(3)
7 cens 2(1) 12 1(3)
Ca...... .. . 1(1) 1) 13)
L e 1(Q1) 1(3)
F. Enantiomorphic
hemihedry:
Di......... 4(0)|20);21) 7Q@) 13)
Di......... . 20); 1) 3Q) 1(3)
D......... . cees 3(1) 1(3)
Di......... e 1(1) 1(3)
D;......... 6 (0) 9 (1) 1(@3)
D;......... 2 (0) 4(1) 1(3)
Di......... e 3(1) 13)
D;......... 1(1) 1(3)
Di......... 2(0) 2(0); 1) 5(1) 1(3)
DY......... cees 2 (0) 4(1) 1(@3)
G. Holohedry
Dh......... 40)(20);2(1) 7Q@Q) 5(2) 1(3)
Dh......... o 4(0) 20);2(1) 4@1);1@Q 1(3)
DS......... 4 (0) 200);21) 4Q@Q);1(? 1(3)
Di......... 2 (0) 2(0); 1(1) 10);4Q) 13)
Dol 4(0) 4(1) 3() 13)
D4......... ...l 2(0) 20;1(1) 2@1);1@® 1(3)
thee e eeeenn 20);1))20); 1) 2(1); 22 1(3)
Dy......... . 20;11) 10);2() 1(3)
DyW......... 6 (0) 7() 1(1); 3(2 13)
Dy......... 4 (0) 2(00);4(1) 3(1);2(@Q 1(3)
Dh......... 4 (0) 10);5(@) 1@3)
Dia......... 2 (0) 40);1@1)] 5@1);1(@? 1(3)
Da......... 4 (0) 3(1); 12 1@3)
N 20 [20);3@) 1Q0);2(@? 1(3)
Di......... 2 (0) 2(1) [10);1();1(2 1)
DiE......... 40);1(Q) 3(1);1(@® 13
Da......... 2 (0) 20);1@1) 10);4@) |1();3(2)]1(@3)
Dg......... 4 (0) 10;3@) |21);2@)]1(@3)
DL......... 2(0) 20);1(1) 12Q); 1(2[1(3)
D¥......... 2 (0) 1(0); 3(1)[1(3
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®1

@1

(®)1
3z

@r
@1

®1

@1
mr
@1:mr

mr
®1

(M1
032
®1
@11
mz
@®1

mr
@1
@t

mrior1

@1

@1
Mz

(1

mi

1

mr
©2

(1
@

@z
ne
& @ I

1'(D1

0z
mr
M1

03z
mI
o1
0z
o1
M1
mi

M1
M1

ceas

1
O 1

o

261

(44

e

91

(A

‘suorjsod JuseAamba jo Jequun)

‘dnoin~soedg

‘WHLSAS JI9ND—'L a1av],



177

TABLES: CUBIC SYSTEM.
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178 TABLES: HEXAGONAL SYSTEM.

TasLe 8.—HEXAGONAL SYSTEM.
I. RaoMBOHEDRAL Drvision

Number of equivalent positions.
Space-Group.
1 2 3 4 6
A. Teartohelry:
174 0 T 3(1) 13
Cl 1(3)
Clo 1@3)
01 F 1(1) 1(3)
B. Paramorphic
hemihedry:
Clyveeinn 2 (0) 2 (1) 20) ] .... 1(3)
Cl 2(0) 1(1) 20) | .... 1(3)
C. Hemimorphic
hemihedry:
L e 3(1) 12 .... 1(3)
Cl e 1(1) 1(1) 1] .... - 1(3)
Cleeiie 3(1) 1(3)
Ch oo 2(1) 1(3)
ClYee 1(1) 121 .... 13)
Cl i 1(1) 1(3)
D. Enantiomorphic
hemihedry:
N 6 (0) 3(1) 21 .... 1@3)
D 2 (0) 2(1) 2(1) | .... 1@3)
Dl ... 21 .... 1(3)
D{ 2(1) | .... 1(3)
Do 2(1) | .... 1(3)
DS 21 .... 13
Dl 200 1(1) 2(1) | .... 1(3)
E. Holohedry:
Dhovieiein 200)(20);1(1)]|2@0)]1()]|2(1);1(?)
DYoo 4 (0) a2 1@0);1Q)
Dy 2 (0) 2(1) 20) | ....12(1); 1@
e 2 (0) e 2@ 1(0); 1Q1D)
Dhrovieien 2 (0) 1(1) 20| ....12Q); 1
woy e 2 (0) 1@ | 1(0);1()
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